Abstract. Let X be an infinite Riemann surface equipped with its conformal hyperbolic metric such that the action of the covering group π 1 (X) onX is of the first kind-i.e., the surface X is equal to its convex core. We first prove that any geodesic lamination on X is nowhere dense. Given a fixed geodesic pants decomposition of X we define a family of train tracks on X such that any geodesic lamination of X is weakly carried by at least one train track. Then we parametrize all measured laminations on X carried by a train track by the corresponding edge weight systems on the train track. Furthermore, we show that the weak* topology on the measured laminations weakly carried by a train track corresponds to a pointwise (weak) convergence of the edge weight systems.
Introduction
Let X be an infinite Riemann surface-i.e., the fundamental group π 1 (X) of X is infinitely generated. We equip X with its unique conformal metric and all geometric notions in the paper are with respect to this metric. LetX be the universal covering equipped with the hyperbolic metric such that the covering mapX → X is a local isometry. The fundamental group π 1 (X) is identified with a subgroup of isometries ofX such thatX/π 1 (X) = X. We introduce a family of train tracks on X starting from a fixed geodesic pants decomposition {P n } in order to parametrize the space M L(X) of measured laminations on X in terms of their edge weight systems on the train tracks. We prove that basic properties of this parametrization are the same as for closed surfaces (see Thurston [37] , Bonahon [9] , Penner-Harer [28] ). In addition, we also give a parametrization of a subspace M L b (X) of bounded measured laminations which naturally relates to the quasiconformal deformations of the Riemann surface X and its Teichmüller space.
The topological classification of infinite surfaces is given by B. Kérékjárto [21] and I. Richards [29] . The geometric structure of infinite Riemann surfaces equipped with their conformal hyperbolic metrics is described by Alvarez-Rodriguez [2] (see also [6] and Section 2). Recently, there is a considerable interest in studying infinite hyperbolic surfaces, their Teichmüller spaces and quasiconformal Teichmüller mapping class groups and the big mapping class groups (for example, see [1] , [24] , [15] , [39] , [3] , [7] , [27] , [22] , [14] , etc).
An arbitrary infinite hyperbolic surface X can be obtained by isometrically gluing countably many geodesic pairs of pants along their cuffs and by adding at most countably many hyperbolic funnels and closed half-planes (see [2] , [6] and Section 2). A geodesic lamination λ on X is a foliation of a closed subset of X by complete geodesics; unlike for closed surfaces, λ could possibly foliate open subsets of a surface X. This happens when X has an end that is a hyperbolic funnel or a half-plane. We first prove that the existence of such ends is the only reason for this phenomenon (see Proposition 3.3). Indeed, let Λ(π 1 (X)) be the limit set of π 1 (X) on the boundary ∂ ∞X and let C(Λ(π 1 (X))) be the convex core of Λ(π 1 (X)) inX. Then C(X) := C(Λ(π 1 (X)))/π 1 (X) is the convex core of X. Theorem 1.1. Let X be an infinite Riemann surface equipped with its conformal hyperbolic metric and let λ be a geodesic lamination contained in the convex core C(X) of X. Then λ is nowhere dense in X.
In particular, if X = C(X) then any geodesic lamination λ of X is nowhere dense.
The set of geodesics G(X) ofX is identified with (∂ ∞X × ∂ ∞X ) − ∆, where ∆ is the diagonal (see Bonahon [9] ). The topology on G(X) is given by the product topology. A geodesic lamination λ on X lifts to a π 1 (X)-invariant geodesic laminatioñ λ of G(X). Conversely, a π 1 (X)-invariant geodesic lamination of G(X) projects to a geodesic lamination of X (see [9] ).
A homeomorphism h : S 1 → S 2 of two compact surfaces S 1 and S 2 with genus g > 1 induces a natural homeomorphism h : G(S 1 ) → G(S 2 ) of the spaces of geodesics of their universal coverings that is π 1 (S 1 )-and π 1 (S 2 )-equivariant (for example, see [9] ). For infinite hyperbolic surfaces a homeomorphism between two surfaces does not necessarily induce a (natural) homeomorphism between the spaces of geodesics of their universal covers. In fact, one surface can have a funnel end or a closed half-plane end while the other surface might not; then the two spaces of geodesics of the universal coverings are not naturally homeomorphic. However, we show that this is the only reason why a homeomorphism of two surfaces might not induce a homeomorphism of spaces of geodesics of their universal coverings (see Theorem 3.5). Theorem 1.2. Let X 1 and X 2 be two infinite Riemann surfaces equipped with their conformal hyperbolic metrics such that X 1 = C(X 1 ) and X 2 = C(X 2 ). Let G(X i ) be the space of geodesics of the universal coveringsX i of X i , for i = 1, 2. A homeomorphism h : X 1 → X 2 induces a π 1 (X 1 )-and π 1 (X 2 )-equivariant homeomorphism h : G(X 1 ) → G(X 2 ).
In the case of a closed surface S of genus greater than 1, train tracks on S were used to parametrize and understand local topology of the space of measured (geodesic) laminations M L(S) (see [37] , [28] , [9] ). Our main result is an extension of the idea of train tracks to infinite surfaces in order to better understand the space of measured laminations on these surfaces.
From now on we assume that X is an infinite hyperbolic surface with X = C(X). In this case X does not contain funnels or closed half-planes. (For completeness, we note here that a surface with funnels is homeomorphic to a surface where each funnel is replaced by a cusp. Each half-plane can be "eliminated" from a hyperbolic surface by choosing appropriate twists on the cuffs of the fixed pants decomposition, see [6] . Thus any hyperbolic surface is homeomorphic to a surface without funnels and halfplane ends such that the homeomorphism preserves the cuff lengths of a fixed pants decomposition.)
Let {P n } be a fixed geodesic pants decomposition of X. We choose a maximal number of geodesic arcs orthogonal to cuffs in each P n . Then each pair of pants P n is divided into right angled hexagons and/or punctured bigons. The arcs of the division are smoothed at the cuffs such that the complementary regions are triangles and punctured monogons. In this fashion we obtained a train track Θ on X. Different choices of orthogonal arcs in pants P n and different choices of smoothing give rise to a whole family of train tracks starting from a fixed pants decomposition {P n }. A bi-infinite edge path in a train track Θ determines a unique geodesic of X by considering endpoints of the lift at ∂ ∞X and we will say that such geodesic is weakly carried by Θ (see Section 4) . LetΘ be the lift of Θ to the universal coveringX.
Given an edge e ∈ E(Θ) ofΘ, denote by G(e) the set of geodesics inX whose corresponding bi-infinite edge paths contain the edge e. Let µ be a measured lamination andμ its lift toX. We define an edge weight system fμ : E(Θ) → R by fμ(e) :=μ(G(e)).
At each vertex ofΘ the edge weight system fμ satisfies the switch relation as for closed surfaces (see [9] , [28] and Section 5). The edge weight system fμ is π 1 (X)-invariant and it projects to an edge weight system f µ : E(Θ) → R. We prove that the space of all measured laminations that are weakly carried by Θ is parametrized by the space W(Θ, [0, ∞)) of all edge weight systems on Θ. Moreover when W(Θ, [0, ∞)) is given the topology of pointwise convergence and the space M L(X) the weak* topology we have that the correspondence is a homeomorphism (see Theorems 5.3 and 6.5). Theorem 1.3. Let X be an infinite hyperbolic surface such that X = C(X). Let Θ be a train track as above. Then the space M L(X, Θ) of all measured laminations (equipped with the weak* topology) that are weakly carried by Θ is homeomorphic to the space W(Θ, [0, ∞)) of all edge weight systems on Θ, when W(Θ, [0, ∞)) is given the topology of pointwise convergence.
The above theorem establishes train tracks as a sort of local coordinates for measured laminations on infinite surfaces. We also establish that each measured lamination is weakly carried by a train track constructed starting from a fixed geodesic pants decomposition of X (see Proposition 4.11).
Thurston [38] proved that any homeomorphic deformation of a hyperbolic surface X can be obtained by an earthquake map along a measured lamination. The Teichmüller space T (X) of a Riemann surface X is the space of quasiconformal deformations of X modulo post-compositions by conformal maps and homotopy relative ideal endpoints. It is known that an earthquake map induces a quasiconformal deformation of a hyperbolic surface X if and only if it is performed along a bounded measured lamination on X (see [30] , [31] , [20] , [38] ). Moreover, the bijective correspondence between the space M L b (X) of bounded measured laminations and the Teichmüller space T (X) given by earthquake maps is a homeomorphism for the uniform weak* topology on M L b (X) and the topology introduced by the Teichmüller distance on T (X) (see [25] ). For the definition of the uniform weak* topology see [25] , [11] , [33] and Section 5. In the view of the action of the mapping class group it is perhaps even more important to mention that the Thurston boundary of T (X) is identified with the space P M L b (X) of projective bounded measured laminations on X (see [11] and [33] ).
It is therefore of interest to understand the space M L b (X) of bounded measured lamination on the hyperbolic surface X. We restrict our attention to surfaces X of bounded geometry (for the definition see [36] , [1] , [35] and Section 7) where the question is more tractable. We prove Theorem 1.4. Let X be an infinite Riemann surface of bounded geometry such that C(X) = X. The space of all bounded edge weight systems W b (Θ, [0, ∞)) is parametrizing the space M L b (X, Θ) of all bounded measured laminations on X that are weakly carried by Θ, where f ∈ W b (Θ, [0, ∞)) if f ∈ W(Θ, [0, ∞)) and f ∞ < ∞.
In addition, the bijective correspondence
is a homeomorphism when M L b (X, Θ) is endowed with the uniform weak* topology and W b (Θ, [0, ∞)) with the topology induced by the supremum norm.
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Pants decompositions of infinite conformally hyperbolic surfaces
A topological pair of pants is a bordered surface homeomorphic to a sphere minus three open disks. A geodesic pair of pants is a topological pair of pants equipped with a metric of constant curvature −1 such that the boundary consist of 3 closed geodesics (called cuffs) with possibly 1 or 2 geodesics degenerated to have length 0-i.e., a cusp.
A topological surface is said to be infinite if its fundamental group is infinitely generated. A Riemann surface is conformally hyperbolic if it supports a unique metric of constant curvature −1 in its conformal class called the hyperbolic metric. By the Uniformization Theorem every infinite Riemann surface is conformally hyperbolic.
Given an infinite Riemann surface X we endow it with the unique hyperbolic metric in its conformal class which makes X a complete Riemannian two manifold without boundary. The universal coveringX of X is conformally equivalent to the unit disk and the hyperbolic metric on X induces a hyperbolic metric onX; in this metricX is isometric to the hyperbolic plane. The boundary at infinity ∂ ∞X of the universal covering X is identified with the unit circle. The fundamental group π 1 (X) acts by isometries onX andX/π 1 (X) is isometrically identified with X. Denote by Λ(π 1 (X)) the limit set on ∂ ∞X of the action of π 1 (X). The convex core C(Λ(π 1 (X))) of Λ(π 1 (X)) is the smallest convex subset ofX that has Λ(π 1 (X)) as its ideal boundary-i.e., C(Λ(π 1 (X))) is the union of all geodesics ofX whose both endpoints are in Λ(π 1 (X)). The convex core C(X) of X is the smallest convex subset of X that has the same homotopy type-equivalently, C(X) = C(Λ(π 1 (X)))/π 1 (X) (see Maskit [23] ).
Alvarez and Rodriguez [2] (see also [6] ) proved that each infinite conformally hyperbolic surface X can be constructed by isometrically gluing a countable set {P n } n of geodesic pairs of pants along their cuffs (boundary geodesics) {α k } k and by attaching to this union at most countable set of hyperbolic funnels {F i } i and at most countable set of closed hyperbolic half-planes {H j } j . The hyperbolic funnels {F i } are attached to the boundary geodesics of {P n } that end up not being glued to any other boundary geodesics. The half-planes are attached to the open geodesics that are accumulated by the cuffs {α k } k .
A first example of completing a countable union of geodesic pairs of pants by attaching a hyperbolic half-plane was given by Basmajian [4] . To better understand the situation, we fix a point x ∈ ∪ n P n and consider the set of all geodesic rays in (∪ n P n ) ∪ (∪ i F i ) starting at x. This set of geodesic rays is naturally identified with the unit circle since each tangent vector at x defines a unique geodesic ray tangent to it. If a geodesic ray g x starting at x has a finite length then there is an open interval I j of geodesic rays containing g x that have finite length (see [6] ). The geodesic rays corresponding to the endpoints of the open interval I j of finite length geodesic rays have infinite length. To each such open interval I j a closed hyperbolic half-plane H j is added and the two boundary geodesic rays of I j are asymptotic to the boundary geodesic of H j (see [6] ). Each closed half-plane H j in X lifts to countably many closed half-planes in the universal coveringX and the ideal boundary of each half-plane inX is an open interval on ∂ ∞X . Since ∂ ∞X is homeomorphic to the unit circle it follows that ∂ ∞X can contain at most countably many disjoint open subintervals. We conclude that at most countably many closed hyperbolic half-planes are added to X.
A locally finite topological pants decomposition of an infinite Riemann surface X is a decomposition of X into topological pairs of pants such that any two pairs of pants are either disjoint or meet along a common boundary component and each compact subset of X meets at most finitely many pair of pants. A theorem of Kérékjárto [21] and Richards [29] implies that any infinite surface has a locally finite pants decomposition. By replacing each boundary curve of a locally finite topological pants decomposition with the simple closed geodesic in its homotopy class we obtain a locally finite geodesic pants decomposition of the convex core C(X) of X (see [6] ). The hyperbolic surface X is obtained from its convex core C(X) by attaching hyperbolic funnels to the closed geodesics of the boundary and by attaching half-planes to the infinite (non-closed) geodesics of the boundary of its convex core (see [6] ).
A conformal structure of an infinite Riemann surface X can be changed by twisting along the boundary geodesics {α k } k of a locally finite geodesic pants decomposition {P n } n (for example, see Alessandrini-Liu-Papadopuolos-Su [1] ). In fact, there is a choice of real twists along {α k } k such that the new conformally hyperbolic Riemann surface X is equal to its convex core union of at most countably many hyperbolic funnels and no half-planes (see [6] ). Since X is obtained from X by twisting along {α k } it follows that X is homeomorphic to X. However, X is not quasiconformal to X. Indeed, a quasiconformal mapping between X and X lifts to a quasiconformal mapping of their universal covers and it extends to a homeomorphism of the limit sets of the covering groups. The limit set of π 1 (X ) is homeomorphic to the unit circle while the limit set of π 1 (X) is not connected which is a contradiction.
For the most part we will be interested in infinite Riemann surfaces whose hyperbolic metrics are such that they are equal to their convex cores. In this case we do not have the funnels and half-planes, and any locally finite topological pants decomposition straightens to a locally finite geodesic pants decomposition of the whole surface. The geodesic pairs of pants can have at most two cusps since the cusps are not be glued to other pairs of pants. In the terminology of [6] such conformally hyperbolic Riemann surfaces are said to have no visible ends. Any infinite Riemann surface is homeomorphic to a Riemann surface with no visible ends by performing twists along a geodesic pants decomposition and by replacing funnels with cusps (see [6] ).
Geodesic laminations on infinite Riemann surfaces
Let X be a conformally hyperbolic Riemann surface equipped with its unique hyperbolic metric. LetX be the universal covering of X with the hyperbolic metric induced by the hyperbolic metric on X. Each oriented geodesic g ofX is uniquely determined by the pair of its endpoints (a, b) ∈ ∂ ∞X × ∂ ∞X − ∆, where ∆ is the diagonal of ∂ ∞X × ∂ ∞X , a is the initial point of g and b is the end point of g. The space of geodesics G(X) on the universal coveringX consists of all geodesic and it is identified with ∂ ∞X × ∂ ∞X − ∆. The topology (and, in particular, the convergence) on G(X) is induced by the product topology on ∂ ∞X × ∂ ∞X − ∆, where ∂ ∞X is homeomorphically identified with the unit circle. Note that G(X) is not compact; a sequence of pairs of points that approaches the diagonal ∆ has no accumulation points (see Bonahon [9] and [11] ).
We define a geodesic lamination on a conformally hyperbolic surface X.
Definition 3.1. Let X be a conformally hyperbolic surface. A geodesic lamination λ on X consists of a closed subset of X together with its foliation by simple, pairwise disjoint complete geodesics of X. By a foliation of a closed subset λ of X by geodesics we mean a decomposition of λ into a pairwise disjoint simple complete geodesics such that each point x ∈ λ has a neighborhood homeomorphic T × I where T is a closed set and I an open interval corresponding to open arcs on geodesics.
Remark 3.2. The liftλ of λ to the universal coveringX is a π 1 (X)-invariant closed subset ofX that is foliated by pairwise disjoint complete geodesics. Since the foliation ofλ by geodesics is given by the foliation of λ, we can identifyλ with a subset of G(X). It turns out thatλ is closed inX if and only ifλ is closed as a subset of G(X).
Unlike for compact hyperbolic surfaces, a geodesic lamination of a conformally hyperbolic infinite Riemann surface X can foliate an open subset of X. Indeed, since hyperbolic half-planes can be foliated by geodesic laminations a Riemann surface X that contains a hyperbolic half-plane has this property. The same is true for Riemann surfaces with funnels because a funnel contains a hyperbolic half-plane.
On the other hand, we show that no open subset of X can be foliated by a geodesic lamination if X is equal to its convex core C(X). In terms of [6] X has no visible ends or equivalently the action of π 1 (X) is of the first kind onX ∪ ∂X. This follows by proving a result for the convex core of X. Proposition 3.3. Let X be an infinite Riemann surface equipped with its conformal hyperbolic metric. Any geodesic lamination λ of the convex core C(X) is nowhere dense. Proof. The fundamental group π 1 (X) acts by isometries onX such thatX/π 1 (X) is isometrically identified with X. Denote by C(Λ(π 1 (X))) the convex core of the limit set Λ(π 1 (X)) ⊂ ∂ ∞X of the fundamental group π 1 (X). Letλ be a geodesic lamination ofX that is the lift of λ. Thenλ is a π 1 (X)-invariant closed subset of G(X) that is foliated by pairwise disjoint geodesics. By our assumption, λ is a subset of the convex core C(Λ(π 1 (X))) of the limit set Λ(π 1 (X)) ⊂ ∂ ∞X . We assume on the contrary that there exists a closed hyperbolic disk U ⊂ C(X) which is foliated by the geodesics of λ and seek a contradiction. LetŨ be a single component of the lift of U toX which is a closed hyperbolic disk inX. ThenŨ is covered byλ.
Note that ∂ ∞X has a natural orientation induced by the orientation ofX. By definition ]a, b[⊂ ∂ ∞X is the set of all x ∈ ∂ ∞X such that a, x and b are in the order of this orientation, and [a, b] =]a, b[∪{a, b}. SinceŨ is covered byλ it follows that there exist two distinct geodesics g = (a, b),
with g ∩Ũ = ∅ and g 1 ∩Ũ = ∅ such that any geodesic ofλ between g and g 1 is in [a, Figure 1) Figure 2 . The dotted geodesic is an axis of κ ∈ π 1 (X) and, in the general case, does not belong toλ. κ i (g 0 ) belongs toλ.
The set of endpoints of the lifts of closed geodesics of X is dense in the limit set Λ(π 1 (X)) (for example, see Maskit [23] ). Let κ ∈ π 1 (X) be a hyperbolic translation with attracting fixed point x ∈]a, a 1 [ which corresponds to a closed geodesic of X. Let y ∈ ∂ ∞X be the repelling fixed point of κ. Let g 0 be a geodesic ofλ in ]a,
such that one of its endpoints x 0 ∈]a, a 1 [ satisfies x 0 = x. A high enough iterate κ i of κ will attract both endpoint of g 0 into the interval ]a, a 1 [ (see Figure 2) . Then κ i (g 0 ) transversely intersects a geodesic g 1 of λ which is in ]a, a n 0 [×[b n 0 , b]. However sinceλ is a geodesic lamination that is invariant under κ we get a contradiction. Thusλ cannot cover an open subset of C(Λ(π 1 (X))) and λ cannot cover an open subset of C(X).
A homeomorphism between two closed hyperbolic surfaces induces a natural homeomorphism between the spaces of geodesics of their universal coverings that is equivariant under the covering groups (see Bonahon [9] , [10] ). In general, a homeomorphism between two infinite Riemann surfaces does not induce an equivariant homeomorphism between the spaces of geodesics of their universal coverings. This is easily seen by considering a homeomorphism which sends a cusp onto a funnel. However, we prove that when the hyperbolic metrics are such that the surfaces are equal to their convex cores then a homeomorphism of surfaces induces an equivariant homeomorphism of the spaces of geodesics of their universal coverings.
Theorem 3.5. Let X and X 1 be two infinite Riemann surfaces which are equal to their convex cores. A homeomorphisms f : X → X 1 induces a natural homeomorphismf : G(X) → G(X 1 ) which projects to a well-defined map f : G(X) → G(X 1 ). Furthermore, simple closed geodesics of X are mapped onto simple closed geodesics of X 1 in the homotopy classes of their image curves under f . Proof. A liftf :X →X 1 of the homeomorphism f : X → X 1 conjugates the action of π 1 (X) onto the action of π 1 (X 1 ). Since the sets of fixed points of hyperbolic elements of π 1 (X) and π 1 (X 1 ) are dense in ∂ ∞X and ∂ ∞X1 it follows thatf extends to an order preserving injective map h from a dense subset of ∂ ∞X onto a dense subset of ∂ ∞X1 .
The universal covers of ∂ ∞X and ∂ ∞X1 are identified with the real axis R. We lift the map h to an increasing maph from a dense subset of R onto a dense subset of R. We claim thath can be extended to a homeomorphism of R. Indeed, let x ∈ R be a point whereh is not defined. Then there exists an increasing sequence x n that converges to x such thath is defined on x n . Sinceh is an increasing map we obtain a bounded increasing sequenceh(x n ) in R which has a limit point y ∈ R. If x n is another increasing sequence that converges to x whereh is defined thenh(x n ) converges to some y . For every x n there exists x k(n) such that x n < x k(n) which impliesh(x n ) <h(x k(n) ) < y. By letting n → ∞ we obtain y ≤ y and by changing the roles of x n and x n we obtain y ≤ y . Thus y = y and we can have a well defined extensionh(x) = y.
Therefore we extendedh to a map of R into R which can easily be seen to be an increasing map. It remains to be proved thath is onto. Let z ∈ R. Sinceh(R) is dense in R there exists an increasing sequence y n =h(x n ) that converges to z. Sinceh is increasing it follows that the sequence x n is increasing and let x be its limit. Theñ h(x) = z and we established thath is onto. Thereforeh is a continuous bijection which implies that it is a homeomorphism. Finallyh is invariant under the covering transformations on a dense subset of R and therefore it is invariant under covering transformations on all of R. Thereforeh projects to a homeomorphism between ∂ ∞X and ∂ ∞X1 that continuously extends h.
Finally a homeomorphism of the boundary extends to a homeomorphismf : G(X) → G(X 1 ) which is invariant under the actions of π 1 (X) and π 1 (X 1 ). Thus f induces a natural bijection between G(X) and G(X 1 ). Since simple closed geodesics on X are mapped by f to simple closed homotopically non-trivial curves on X 1 the last statement of the theorem follows.
train tracks from the pants decompositions
The theory of train tracks on closed surfaces was started by Thurston [37] and further developed by various authors: Penner-Harrer [28] , Bonahon [10] to name a few. In this section we introduce train tracks for infinite hyperbolic surfaces (that are equal to their convex cores) and in doing so we use the ideas which are developed for closed surfaces. Unlike for closed surfaces, the Milnor-Švarc lemma does not hold for infinite surfaces. Our construction relies on an argument that edge paths of the train track when lifted to the universal covering converge to well-defined ideal boundary points of the universal covering. This fact needs to hold for an arbitrary surface without a priori control of the geometry. For this reason we introduce special train tracks on infinite hyperbolic surfaces starting from geodesic pants decompositions. When developing basic facts for these train tracks we mostly use the approach and terminology of Bonahon's book (see [10] ).
Throughout this section we assume that X is an infinite Riemann surface equipped with its conformal hyperbolic metric such that C(X) = X. Therefore the Riemann surface X has no funnels or half-plane ends. We fix a locally finite geodesic pants decomposition {P n } n of X. Denote by {α k } k the collection of boundary geodesics of the pants decomposition {P n } n called cuffs, where no cusp boundary of P n is in {α k } k . Any simple geodesic of X either intersects a cuff, or it equals to a cuff, or it belongs to a single pair of pants and accumulates at the cuffs at both of its ends. We introduce a countable family of train tracks on X staring from the fixed geodesics pants decomposition {P n } by connecting the boundary geodesics (cuffs) {α k } k with smooth arcs inside the pairs of pants.
We form a train track Θ on X as follows. In each pair of pants P n we chose the maximal number of smooth mutually disjoint arcs connecting cuffs that are homotopically non-trivial and not homotopic to each other, where a cuff can be connected to itself as well. The arc that connects a cuff to itself is called a pants seam. This number is three when P n has 3 cuffs, it is two when P n has 2 cuffs and it equals one when P n has only one cuff. We adjust each arc in a neighborhood of the point in common with a cuff such that the new arc is tangent to the cuff. By definition, these arcs in pairs of pants P n are edges of Θ called the connector edges.
Each connector edge has both of its vertices on cuffs of the fixed pants decomposition. Let e be an edge with one vertex V at a cuff α. We orient e such that V is the end point for the orientation. We further orient α such that the unit tangent vectors to α and e at the vertex V agree. Then we will say that the connector edge e is left tangent to α if e is on the left of the oriented cuff α. Otherwise the connector edge e is right tangent to α. We note that a single connector edge can have both of its endpoint on the same cuff and they could even coincide. The above definition applies at both of these endpoints. Note that the notions of left and right tangent to a cuff are independent of any a priori orientation of the cuff and depends only on the orientation of the surface.
For each cuff α k , we introduce a requirement that all the connector edges meeting α k in the pants decomposition are either left or right tangent to α k . The train track Θ has vertices on the cuffs given by the points in common with the connector edges. Each cuff has at most eight connector edges meeting it and it can have at most eight vertices. The vertices divide the cuff into at most eight arcs which we define to be the edges of Θ called the cuff edges. The interior of each pair of pants contains at most three connector edges and no vertices of Θ. We require that each complementary region of Θ is either a Jordan domain with piecewise smooth boundary and exactly three non-smooth points (called a triangle) or a Jordan domain minus a point with smooth boundary except at one point (called a punctured monogon).
We obtain a single train track Θ on X by making consistent choices as above. In fact, there is uncountably many train tracks on X satisfying the above conditions starting from a fixed pants decomposition {P n } of X.
We fix one such train track Θ on X and denote byΘ the lift toX. An edge path iñ Θ is a finite or infinite or bi-infinite sequence of edges ofΘ such that the consecutive edges meet smoothly at each vertex.
Remark 4.1. By our choice all connector edges of Θ that meet a cuff are either all left tangent or all right tangent to the cuff and the same is true for the lifted train trackΘ and lifts of cuffs. Letγ = (a 1 , a 2 , . . .) be an edge path ofΘ. We orient edges a i such that the end point of a i is the initial point of a i+1 . Assume that the edge a 1 starts at a liftα 1 of a cuff and ends at a liftα 2 of a cuff inside a single componentP of the lift of a pair of pants P from the fixed pants decomposition of X. Then either all other edges ofγ remain onα 2 or, at most finitely many edges (a 2 , . . . , a k ) ofγ remain onα 2 and the edge a k+1 leavesP . This follows because an edge path in Θ cannot come in at a cuff and leave it on the same side of the cuff since connector edges meetingα 2 are either all left tangent or all right tangent toα 2 . In other words, an edge pathγ cannot "bounce" from one boundary ofP back to an another boundary component. Letγ = (a 1 , a 2 , a 3 , . . . , a n , . . .) be an infinite edge path of the train trackΘ. We will say thatγ crosses a liftα k of a cuff α k of the fixed pants decomposition {P n } ifγ has edges in both complementary half-planes ofα k inX. We prove the following technical lemma for the later use.
Lemma 4.2. Letγ be an infinite edge path on the train trackΘ such that no tail ofγ lies on a single liftα k of a cuff α k . Thenγ crosses infinitely many lifts of cuffs and if γ crossesα k it cannot return to it later.
Proof. We first prove the second claim. Orient each edge a n ofγ such that its end point coincide with the initial point of a n+1 and assume that no tail ofγ belongs to a single lift of a cuff. Let a n 0 ∈γ be a connector edge with the initial point on a liftα k of a cuff α k (with a n 0 α k ) and assume on the contrary thatγ meetsα k in an another connector edge a n 1 for some n 1 > n 0 . Consider the sequenceα k ,α k+1 , . . .α l of lifts of cuffs that have points in common with the edge path (a n 0 , a n 0 +1 , . . . , a n 1 ). By Remark 4.1 each α j+1 separatesα j andα j+2 and the edge path (a n 0 , a n 0 +1 , . . . , a n 1 ) cannot return toα k which proves the second claim.
We prove the first claim next. The edge pathγ does not cross infinitely many lifts of cuffs if and only if its tail remains in the closure of a single componentP n of the lift of a pair of pants P n . If the tail stays on a lift of the same cuff then the assumptions in the lemma are violated. Therefore we can assume that the tail has edges on the infinitely many lifts of cuffs which are on the boundary ofP n . Thus the tail contains a connector edge a i connecting a liftα k of a cuff to the liftα k+1 of a cuff. By Remark 4.1 the tail either stays forever onα k+1 or it leavesP n throughα k+1 which is a contradiction. Thus the first claim follows.
The above proof gives more detailed information on the nested sequence of lifts of cuffs that are crossed by an infinite edge path ofΘ which we state as a separate lemma.
. . , a n , . . .) be an infinite edge path inΘ and let
be the nested sequence of lifts of cuffs that are crossed byγ in the given order. Each consecutive pair (α k ,α k+1 ) of lifts of cuffs is on the boundary of a single component of the lift of a pair of pants. Moreoverα k is connected toα k+1 by a single edge a i k of γ.
We prove that two lifts of cuffs inX are connected by at most one edge path ofΘ.
Lemma 4.4. LetΘ be the lift to the universal coverX of the above constructed train track Θ. Then for any two different liftsα 1 andα 2 of cuffs there is at most one finite edge path ofΘ that connects them.
Proof. Assume that lifts of cuffsα 1 andα 2 are connected by two different finite edge pathsγ 1 andγ 2 inΘ. By Lemmas 4.2 and 4.3 the nested families of lifts of cuffs thatγ 1 andγ 2 are crossing are identical. Letα 3 be the first lift of a cuff afterα 1 that is crossed by bothγ 1 andγ 2 . Thenγ 1 has a connector edge a 1 that connectsα 1 andα 3 , andγ 2 has a connector edge a 1 that connectsα 1 andα 3 . If a 1 = a 1 then a 1 ∪ a 1 together with one subarc on eachα 1 andα 3 form a Jordan curve inX whose boundary is smooth with possible exception at two points where the interior angles are zero. The corresponding Jordan domain Q is the union of finitely many complementary regions toΘ. Since the closure of Q is compactly contained inX it follows that all the complementary regions ofΘ that are contained in Q are triangles. (The components of the lifts of the punctured monogons are not relatively compact.)
Consider a foliation F of Q which is transverse to the boundary of Q except at the non-smooth points and that has one three pronged singularity for each complementary triangle ofΘ. This foliation is obtained by foliating a neighborhood of the edges of Θ by arcs orthogonal to the edges and extending the foliation to the complementary triangles of the neighborhood such that it has three pronged singularity in each triangle (see Bonahon [10] ). We double the Jordan domain Q over its boundary to obtain a sphereQ which has a foliationF except at two points corresponding to the non-smooth points of the boundary of Q. To each three pronged singularity of F there correspond two three pronged singularities ofF. Then we form an orientation cover forF which is again a sphere Q equipped with an oriented foliation F. We form a vector field on Q by taking the tangent vectors to F. On the lift of ∂Q in Q, the vector field is zero in at most four points corresponding to at most two non-smooth points on the boundary of Q and the index of the vector field at each of these four points is ±1. On the other hand, the Jordan domain Q is union of at least two complementary triangles ofΘ since it has at most two non-smooth points on the boundary. ThusQ has at least four three pronged singularities. Each three pronged singularity becomes a six pronged singularity of F which gives a zero of the vector field of index −1. Thus the sum of the indices of the vector field on Q is at most zero which contradicts the Poincaré-Hopff theorem since the Euler characteristic of Q is 2. Therefore a 1 = a 1 .
Continuing in this fashion we obtain that all connector edges ofγ 1 andγ 2 that connect the same two lifts of cuffs are equal. It follows then that the cuff edges ofγ 1 andγ 2 are equal as well and thusγ 1 =γ 2 .
We prove that each infinite edge path onΘ accumulates to a unique point on the boundary ∂ ∞X ofX which is the key result for encoding simple geodesics using biinfinite edge paths.
Proposition 4.5. Any infinite edge pathγ = (a 1 , a 2 , . . . , a n , . . .) inΘ has a unique accumulation point on ∂ ∞X . Moreover two infinite edge pathsγ andγ 1 inΘ have the same accumulation point if and only if the edge paths have the same tails up to renumbering. Thus a bi-infinite edge pathγ = (. . . , a −n , . . . , a −1 , a 0 , a 1 , . . . , a n , . . .) has two distinct accumulation points on ∂ ∞X .
Proof. Consider an infinite edge pathγ = (a 1 , a 2 , a 3 , . . . , a n , . . .) inΘ and we orient each edge a n such that its endpoint is the initial point of a n+1 . If there is n 0 such that all edges a n for n ≥ n 0 belong to a single liftα k of a cuff α k then the unique accumulation point ofγ is the appropriate endpoint ofα k .
A single liftα k of a cuff α k of the fixed pants decomposition of X is a bi-infinite geodesic inX and it dividesX into two hyperbolic half-planes. We will say that a sequence of lifts {α j } j is nested if for each j 0 a half-plane withα j 0 on its boundary containsα j for all j > j 0 . Since C(Λ(π 1 (X))) =X and the fixed geodesic pants decomposition is a locally finite, each nested sequence of lifts of cuffs accumulates to a single point on ∂ ∞X . By Lemma 4.2 an infinite edge pathγ whose tail does not lie on a single lift of a cuff intersects a nested sequence of liftsα j of the cuffs without backtracking and therefore it accumulates to a single point on ∂ ∞X . This proves the first statement.
We prove the second statement in the proposition. Ifγ andγ 1 have the same tails then either they eventually belong to the lift of the same cuff and converge to its endpoint in the same direction, or they trace the same nested sequence of the lifts of cuffs. In both cases they converge to the same point.
Conversely assume thatγ andγ 1 accumulate at the same point x ∈ ∂ ∞X . The point x is either an endpoint of a lift of a cuff or the accumulation point of a nested sequence of lifts of cuffs. In the former case bothγ andγ 1 must eventually lie on the lift of the cuff because otherwise the separation and no backtracking properties from Lemma 4.2 would not allow this convergence. Thusγ andγ 1 agree on their tails. Consider a bi-infinite edge pathγ = (. . . , a −n , . . . , a −1 , a 0 , a 1 , . . . , a n , . . .) inΘ. We divide it into two infinite edge pathsγ 1 = (. . . , a −n , . . . , a −1 , a 0 ) andγ 2 = (a 0 , a 1 , . . . , a n , . . .). The two paths have different tails and therefore they converge to different points on ∂ ∞X .
Given a bi-infinite edge pathγ ofΘ we denote by G(γ) the geodesic ofX whose endpoints on ∂ ∞X are the two accumulation points ofγ. We will say that a geodesic g ofX is weakly carried byΘ if there exists a bi-infinite edge pathγ inΘ such that G(γ) = g. Proposition 4.6. There is a one to one correspondence between bi-infinite edge paths ofΘ and geodesics weakly carried byΘ.
Proof. Assume that G(γ) = G(γ 1 ) = g for two bi-infinite edge path inΘ. Thenγ and γ 1 have to agree on both of their tails by the previous proposition. Therefore we have at most a finite subpath ofγ andγ 1 that agree at their end edges but might not agree on the interior edges. This is not possible by Lemma 4.4. Thusγ =γ 1 after possible renumbering the sequences.
Let γ be an edge path in Θ. Ifγ is a single component lift of γ to the universal covering, then G(γ) is a geodesic whose endpoints are equal to the endpoints ofγ. For any κ ∈ π 1 (X) we have that κ(G(γ)) = G(κ(γ)). Define G(γ) to be the projection of G(γ) onto X. Proposition 4.6 immediately gives Proposition 4.7. There is a one to one correspondence between bi-infinite edge paths of Θ and geodesics weakly carried by Θ.
We describe the convergence of geodesics in terms of the corresponding bi-infinite edge paths inΘ. Proposition 4.8. Let g n , g ∈ G(X) be weakly carried by a train trackΘ. Denote bỹ γ n ,γ the corresponding bi-infinite edge paths inΘ. Then g n converges to g as n → ∞ if and only if each finite subpathγ ofγ is contained in the pathγ n for all n large enough.
Proof. Let g n → g as n → ∞. Each endpoint of g corresponds to an infinite tail ofγ. We prove thatγ n contains any finite subpath ofγ when n is large enough. The proof is divided into several cases. Case 1. The first case is when both tails ofγ are crossing infinitely many lifts of cuffs. Denote by {α k } ∞ k=−∞ the lifts of cuffs thatγ intersects in the given order. Let x ∈ ∂ ∞X be the limit of the nested sequence of cuffs {α k } 0 k=−∞ and y the limit of the nested sequence of cuffs {α k } ∞ k=0 . Letγ be any finite subpath ofγ and we can assume without loss of generality that γ connects the liftsα −k 0 andα k 0 of cuffs. Since G(γ n ) converges to G(γ) we have that the endpoints x n , y n of G(γ n ) converge to x, y. Thus for n large enough points x n and x are separated from y by a half-plane with boundaryα −k 0 , and points y n and y are separated from x by a half-plane with boundaryα k 0 . Therefore the edge pathγ n connectsα −k 0 andα k 0 . This implies thatγ n containsγ by Lemma 4.4.
Case 2. Assume that one tail ofγ is on a single lift of a cuffα and the other tail crosses infinitely many lifts of cuffs. Then g has one endpoint equal to an appropriate endpoint x ∈ ∂ ∞X ofα and the other endpoint y of g is accumulated by a sequence of nested lifts of cuffs {α k } ∞ k=1 . Thenα 1 andα are on the boundary of a component of the lift of a pair of pants from the decomposition. Since g n → g endpoints x n , y n ∈ ∂ ∞X of g n converge to the endpoints x, y of g as n → ∞. If x n = x then the proof is similar to the Case 1. We assume now that x n = x. Denote byP Assume first that x n is on the side ofα that containsP 1 x . Since x n → x the edge path γ n intersects a boundary geodesic (a lift of a cuff)β n ofP 1 x such that x n is separated from x by the closed half-plane whose boundary inX isβ n and which does not contaiñ P 1 x . The endpoints ofβ n converge to x as n → ∞. Since the endpoints ofβ n do not converge to an endpoint ofα 1 it follows thatβ n andα 1 are not connected by a connector edge for n large enough. Given thatβ n andα 1 are on the boundary ofP 1 x it follows that no edge path inΘ connects them. Consequently, the geodesic g n is not weakly carried byΘ which is a contradiction. Thus x n is not on the side ofα that containsP 1 x . Assume next that x n is on the same side ofα asP 2 x . Letβ n be the boundary side ofP 2 x different thanα thatγ n intersects. Then both endpoints ofβ n converge to x. Sinceγ n entersP 2 x throughα it can leave it only through a boundary connected toα by a connector edge ofΘ by Lemma 4.3. Since the endpoints ofβ n converge to an endpoint x ofα it follows that the edge pathγ n contains an edge ofΘ connectingα 1 andα followed by a large number of cuff edges ofΘ that lie onα and then followed by a connector edge connectingα andβ n . Thusγ n contains any finite subpath ofγ for n large enough.
Case 3. Assume thatγ consists of edges on a single liftα of a cuff. Let x, y be the endpoints ofα and let x n , y n be the endpoints ofγ n where x n → x and y n → y as n → ∞. Then the points x n and y n have to be on the opposite sides ofα or we would have a contradiction similar to the Case 2. If they are on the opposite sides ofα then the argument of the Case 2 shows thatγ n contains a large number of cuff edges onα which finishes the proof. Definition 4.9. Two bi-infinite edge pathsγ = (. . . , e −n , . . . , e −1 , e 0 , e 1 . . . , e n , . . .) and γ = (. . . , e −n , . . . , e −1 , e 0 , e 1 . . . , e n , . . .) cross each other if, after possible reversing the orientation and renumbering, there exists p < q such that e s = e s for p < s < q, and that e p and e q lie on the opposite sides ofγ.
It is clear that the geodesics represented by bi-infinite edge pathsγ andγ are intersecting if and only ifγ andγ cross each other. Then two geodesics on X represented by edge paths γ and γ on the train track Θ intersect each other if and only if their corresponding edge paths intersect each other. This also holds true when γ = γ and allow us to characterize simple geodesics as corresponding to bi-infinite edge paths that do not cross themselves.
A geodesic lamination λ on X is a closed subset of X that is foliated by pairwise disjoint simple geodesics of X. The liftλ of λ to the universal coveringX is a π 1 (X)-invariant closed subset ofX that is foliated by pairwise disjoint bi-infinite geodesics, i.e.λ is a geodesic lamination ofX invariant under π 1 (X). A geodesic lamination λ of X is weakly carried by Θ if every geodesic of λ is weakly carried by Θ.
Proposition 4.10. The set of geodesic laminations on X that are weakly carried by Θ is in a one to one correspondence with the families Γ of bi-infinite edge paths that satisfy:
• Any two bi-infinite edge paths γ and γ in Γ do not cross, and
• If γ is a bi-infinite edge path such that for any finite edge subpath there is a bi-infinite edge path in Γ that contains it, then γ ∈ Γ.
We prove that our special construction of train tracks is general enough-i.e., every geodesic lamination of X is weakly carried by a train track of X constructed from a fixed geodesic pants decomposition of X. Proposition 4.11. Every geodesic lamination λ on a hyperbolic surface X is weakly carried by a train track Θ that is constructed as above starting from a fixed locally finite geodesic pants decomposition.
Proof. Fix a locally finite geodesic pants decomposition {P n } n of X and consider a geodesic lamination λ on X. Denote byλ the lift of λ toX. In every pair of pants P n the set of arcs λ ∩ P n is divided into at most three homotopy classes relative to the boundary cuffs. In each pair of pants P n we can draw at most three simple and mutually disjoint closed geodesic arcs that are orthogonal to the cuffs of P n . We choose these arcs such that each homotopy class of λ ∩ P n is represented by one of these arcs. If the number of homotopy classes in λ ∩ P n is not maximal possible for P n then we add extra geodesic arcs orthogonal to the cuffs of P n such that their number is maximal.
We choose n > 0 such that the n -neighborhood Q n in P n of the cuffs and the chosen geodesic arcs orthogonal to the cuffs of P n is contractible to the union of the geodesic arcs and cuffs. Note that n depends on n since the geometry of pairs of pants P n may depend on n. If an arc of λ ∩ P n connects two cuffs then it can be homotoped inside P n to an arc in Q n modulo its endpoints on the cuffs. Thus any geodesic of λ can be homotoped to ∪ n Q n such that the homotopy preserves each pair of pants and pointwise preserves each cuff.
Each Q n is the union of the annular neighborhoods of cuffs and rectangular neighborhoods of orthogonal geodesic arcs connecting the cuffs. We truncate the rectangular neighborhoods such that they meet the annular neighborhoods only along their boundaries. Note that each arc of λ∩P n is homotoped to start at a cuff then leaves its annular neighborhood through a side of a rectangular neighborhood and then enters an annular neighborhood through another side of the rectangular neighborhood.
To make a train track Θ we will smooth contact points of the geodesic arcs orthogonal to the cuffs using the information of how the geodesics of λ are homotoped inside ∪ n Q n . Let α k be a cuff with the pairs of pants P n and P n 1 on its boundary with possibly P n = P n 1 . Let R k be the union of the two annular neighborhoods of α k in P n and P n 1 . The geodesic arcs of λ ∩ (P n ∪ P n 1 ) are homotoped to arcs in Q n ∪ Q n 1 and each of these arcs enters R k through an arc l 1 in common with a rectangle neighborhood and exits the annular neighborhhod on the other boundary through an arc l 2 in common with a rectangle neighborhood. We note that a single R k has more than one arc on each boundary side through which a homotoped arc of λ enters R k .
Let us fix two such arcs l 1 and l 2 on the opposite boundaries of R k that are connected by a homotoped arc of λ. We choose a shortest geodesic arc r in R k connecting l 1 and l 2 and declare that any arc in R k connecting l 1 and l 2 that is homotopic to r relative l 1 ∪ l 2 has zero twist. For any other two such arcs on the opposite boundaries of R k there is a single choice of an arc connecting them in R k that does not intersect r up to the homotopy. In this fashion we obtain homotopy class of arcs in R k connecting pairs of arcs on the boundary of R k .
The twist number of any arc l in R k connecting l 1 and l 2 is equal to the integer power j ∈ Z of the Dehn twist
where r is the chosen arc with zero twist. If an arc twists to the left relative to r then the twist is positive and if it twists to the right then the twist is negative. It is a well known fact that the twist numbers of any two disjoint arcs differ by at most 1. Therefore all the twists of the arcs that we obtained by homotoping λ ∩ (P n ∪ P n 1 ) into Q n ∪ Q n 1 are either non-negative or non-positive. If the twists are non-negative we choose the smoothing of the geodesic arcs meeting α k to be such that the arcs are coming left tangent on both sides of α k . If the twists are non-positive then the smoothing is done such that the arcs are right tangent on both sides of α k . If all twists are zero then the choice of smoothing is arbitrary. The smoothing is done in small neighborhoods of contact points such that any two neighborhoods of contact points are disjoint. If two contact points for two geodesic arcs on opposite sides of α k coincide then the smoothing is done such that the new contact points also coincide. In this fashion we obtain a train track Θ which consists of connector edges in P n which are obtained by the above smoothing and cuff edges on the cuffs obtained by dividing the cuffs into edges by the contact points with the connector edges. It follows by our construction that each geodesic in λ can be homotoped to an edge path in Θ where the homotopy is setwise preserving each pair of pants P n .
It remains to prove that each geodesic in λ is weakly carried by Θ. Indeed, letΘ be the lift of Θ toX and letg be a single lift of a geodesic g in λ. We first assume thatg intersects infinitely many lifts of cuffs in the directions of both of its endpoints. Denote these lifts of cuffs by {α i } ∞ i=−∞ in the given order and denote byP i the component of the lift of a pair of pants P i that has bothα i andα i+1 on its boundary. We note that P i ,P i 1 for i = i 1 can be different components of the lift of the same pair of pants. Since g is homotopic to an edge path γ in Θ by a homotopy which preserves the pairs of pants and pointwise preserves the cuffs, it follows that a lift edge pathγ inΘ is homotopic tog such that the arcsg ∩P i are connecting the same boundary sides ofP i . Thus γ intersects the same lifts of cuffs as doesg. Thereforeg is weakly carried byΘ and the same is true for g and Θ. If exactly one geodesic ray of the geodesicg stays in a single liftP 0 of a pair of pants P 0 then it is necessarily asymptotic to a single boundary component because otherwise g would not be simple. It follows that a bi-infinite edge path inΘ which has one direction consisting of cuff edges on the boundary ofP 0 and the other edges obtained as in the previous case has the same endpoints asg. Ifg has both ends asymptotic to lifts of cuffs the edge path is obtained by combining the two cases above. Finally ifg is a cuff then the edge path consists of all cuff edges ofΘ oñ g. Thus we obtained that g is weakly carried by Θ.
Remark 4.12. We obtained that every geodesic lamination is weakly carried by some train track Θ. However we do not claim that a neighborhood of a geodesic lamination consists of all geodesic laminations that are weakly carried by a single train track. This is true for closed surfaces (see Bonahon [10] ) but it is not true for infinite surfaces because not every pants decomposition is locally finite. The type of geodesic laminations for which no train track carries its (full) neighborhood are the ones that have compact support in X.
Measured laminations carried by train tracks
In this section we parametrize the set of all measured laminations on X that are weakly carried by train tracks using the edge weight systems analogus to the closed surfaces (see [28] , [9] ). We first introduce some standard definitions regarding measured laminations and train tracks analogous to the compact surfaces (see Bonahon [10] ). Definition 5.1. A geodesic current µ on X is a Radon measureμ on the space G(X) of the geodesics on the universal coveringX of X that is invariant under the action of the covering group π 1 (X). Here a Radon measure is a Borel measure that satisfies µ(K) < ∞ for any compact K ⊂ G(X).
The space of geodesic currents carries a natural weak* topology defined by a family of semi-norms (see [11] ). Namely, let ξ : G(X) → R be a continuous function with compact support. The semi-norm | · | ξ induced by the function ξ is
ξdμ| for any geodesic current µ. The weak* topology on the geodesic currents of X is given by the family of semi-norms | · | ξ , where ξ runs through all continuous functions with compact support. We also note that the weak* topology on the space of geodesic currents is metrizable (see [11] ).
Denote by H(X) the set of all isometries ofX for the hyperbolic metric induced from X. Given a continuous function ξ : G(X) → R with compact support, we define another semi-norm · ξ by
for any geodesic current µ (see [11] ). The space of bounded geodesic currents C b (X) consists of all geodesic currents µ on X such that μ ξ < ∞ for all continuous ξ : G(X) → R with compact support (see [11] ). The uniform weak* topology on C b (X) is given by the family of seminorms · ξ , where ξ runs through all continuous functions with compact support and it is metrizable (see [11] ). Definition 5.2. A measured lamination µ on X with support geodesic lamination λ on X is a geodesic currentμ invariant under the action of π 1 (X) whose support is a geodesic laminationλ onX which is the lift of λ. A measured lamination µ with the support λ is weakly carried by Θ if the geodesic laminationλ is weakly carried byΘ.
The set G(Θ) consists of all geodesics ofX that are weakly carried byΘ. Let µ be a measured lamination on X that is weakly carried by Θ. Given a finite edge pathγ, we denote by G(γ) to be the set of geodesics whose bi-infinite edge paths inΘ containγ as a subpath. We defineμ(γ) to be the quantityμ(G(γ)). By the invariance ofμ under the action of π 1 (X), this gives a well-defined number µ(γ) where γ is the projection of γ on Θ. If e is an edge of Θ then we define µ(e) :=μ(G(ẽ)) whereẽ ∈Θ projects to e ∈ Θ.
Fix a vertex v of the train track Θ. An edge with a vertex v is given the orientation such that v is its end point. If an edge has both of its vertices equal to v then we have two copies of e with the opposite orientations. We divide the oriented edges of Θ with a common vertex v into two sets e i for i = 1, 2, . . . n and e j for j = 1, 2, . . . , k such that edges in the same set have equal unit tangent vectors at v. A switch relation at v is given
and we have a switch relation at every vertex of Θ (see Bonahon [10] ). The same switch relation holds true for the liftμ to the universal coveringX of the measured lamination µ. In fact, the valuesμ(ẽ) are invariant under the action of π 1 (X).
Denote by E(Θ) the set of all edges of Θ. A function a : E(Θ) → [0, ∞) which satisfies the switch relation
at each switch of Θ is called an edge weight system. The set of all edge weight systems is denoted by W(Θ, [0, ∞)). Similarly each edge weight system on E(Θ) can be lifted to an edge weight system on E(Θ).
Given a measured lamination µ that is weakly carried by Θ, we obtained an edge weight system f µ : E(Θ) → R given by f µ (e) := µ(e). We prove the converse.
Theorem 5.3. Let a : E(Θ) → R ≥0 be an edge weight system. Then there exists a unique measured lamination µ on X which realizes a.
Proof. Analogous to the compact case (see Bonahon [10] ). We choose a neighborhood of Θ that has the same homotopy type and obtain a fattened train track Ψ corresponding to Θ. The edges of Θ correspond to long rectangle in Ψ and the vertices of Θ correspond to the union of several short sides of the rectangle that is connected (see Bonahon [10] ). We foliate the long rectangles defining the edges of Ψ by arcs connecting short sides and identify the rectangles with Euclidean rectangles such that leaves of the foliations correspond to the horizontal lines in the Euclidean rectangles and the width of the Euclidean rectangles are given by the value of the edge weight system a on these edges of Θ. Then each leaf of the obtained foliation of Ψ naturally corresponds to a bi-infinite edge path in Θ which is naturally identified with simple geodesics of X by Proposition 4.10. In this way we obtain a geodesic lamination λ of X corresponding to an edge weight system a and we push-forward the Euclidean transverse measure of the foliation of Ψ to a measured lamination on X with support λ.
Remark 5.4. The measured laminations considered above are not bounded in the sense of [11] . In fact, they are only locally bounded-i.e., the measure of any compact subset of G(X) is finite. We obtained a one to one correspondence between the space of measured laminations M L(Θ) whose support geodesics are weakly carried by Θ and the edge weight systems on E(Θ).
The edge weight systems and weak* topology on measured laminations
The family of all edge weight systems is a subset of R E(Θ) which can be equipped with the product topology. In this section we prove that the correspondence between the edge weight systems and measured laminations weakly carried by the train track is a homeomorphism, when the topology on the edge weight systems is given by the restriction of the product topology and the topology on the measured laminations is the weak* topology. This result holds for compact surfaces as well, however the proof for infinite surfaces is more involved and it also leads to the extension of this result for the uniform weak* topology in Section 9. The results in this section and in the next three sections is the core of the paper.
Since the weak* topology and the product topology on R E(Θ) are metrizable to prove the continuity it is enough to prove the sequential continuity. We need the following lemma which gives convergence of measured laminations on special subsets of G(X) from the convergence of their edge weight systems.
Lemma 6.1. Letμ n ,μ be measured laminations on G(X) carried by the train trackΘ that are lifts of measured laminations on X and fμ n (e) → fμ(e) as n → ∞ for each e ∈ E(Θ). Ifγ is a finite edge path inΘ, theñ
as n → ∞.
Proof. For a fixedγ, there is a unique piecewise linear function Lγ such that the quantitiesμ n (G(γ)) andμ(G(γ)) are obtained by evaluating Lγ on the edge weight systems fμ n and fμ for the edges ofΘ that are inγ or that have a vertex in common withγ (see Bonahon [9] ). Since fμ n (e) → fμ(e) for all e ∈ E(Θ) as n → ∞, the lemma follows.
In the following lemma we show that each box of geodesics I × J can contain at most finitely many lifts of cuffs. Proof. Indeed, since the pants decomposition is locally finite and Q is a compact set in G(X) there can be only finitely many lifts of cuffs intersecting Q.
The following lemma is the key ingredient for proving the weak* convergence from the convergence of the edge weight systems. Proof. Note thatμ(∂Q) = 0 andμ n (∂Q) = 0 because a geodesic in ∂Q that is weakly carried byΘ has at least one endpoint in common with a lift of a cuff but it is not a cuff. Therefore this geodesic projects to a geodesic on X that spirals around a closed geodesic and it cannot be in the support of any measured lamination on X.
Assume on the contrary that there exists an infinite subsequence ofμ n , which is for the simplicity of the notation denoted byμ n , such that
We seek a contradiction. Any compact subset of G(X) can be covered by finitely many G(e) where e ∈ E(Θ). Since fμ n (e) → fμ(e) we have that the sequenceμ n has uniformly bounded mass on any compact subset of G(X), where the bound depends only on the compact set. Thus there is a subsequenceμ n k ofμ n and a geodesic current ν such thatμ n k →ν in the weak* topology as k → ∞ (see Bourbaki [12] ).
The geodesic currentν has its support on the set of geodesics that are weakly carried byΘ because this set is closed and eachμ n k has its support in this closed set. Assume that two geodesics g 1 and g 2 of the support ofν intersect inX. Then there exist two boxes of geodesics B 1 and B 2 such that each geodesic of B 1 intersects each geodesic of B 2 , the box B i contains geodesic g i in its interior for i = 1, 2 andν(∂B 1 ) =ν(∂B 2 ) = 0. The uniform weak* convergence impliesμ n k (B 1 ) →ν(B 1 ) andμ n k (B 2 ) →ν(B 2 ) which givesμ n k (B 1 ) > 0 andμ n k (B 2 ) > 0 for all k large enough. This is a contradiction because the support ofμ n k is a geodesic lamination. Thereforeν is a measured lamination. In addition, eachμ n k is invariant under π 1 (X) which implies thatν is invariant under π 1 (X). Therefore the measured laminationν is the lift of a measured lamination ν on X.
Denote by {α i } i the maximal family of lifts of cuffs with both endpoints in I such that eachα i is not separated from J by another lift of a cuff that also has both endpoints in I. We denote by {α j } j the corresponding family of lifts of cuffs for J. Consider all pairs (α i ,α j ) formed from the above two families and denote by I i and I j the arcs of ∂X that are ideal boundary of disjoint half-planes determined byα i and α j . Then the box of geodesics I i × I j contains geodesics weakly carried byΘ if and only if there exists a finite edge pathγ i,j inΘ with one end vertex onα i and the other end vertex onα j where no edge ofγ i,j is onα i ∪α j . In this case we have
By Lemma 6.2 there is at most finitely many lifts of cuffs {α Q r } r that are contained in Q. Therefore the family of all geodesics in Q = I ×J weakly carried byΘ is the union of all G(γ i,j ) andα j 1 ) . Thus, the set of geodesics of Q that are weakly carried byΘ is partitioned into at most countable disjoint union of the sets G(γ i,j ) andα Q r . By Lemma 6.1 we have
Sinceν is the lift of a measured lamination ν on X, it follows thatν(∂(I i × I j )) = 0. The weak* convergence implies thatμ n k (I i × I j ) →ν(I i × I j ) as k → ∞. Equation (2) impliesν(I i × I j ) =ν(γ i,j ) and then (3) gives Our next goal is to prove thatμ andν agree on the lifts of cuffs in Q. Fix one lift of a cuffα Q r in Q and give it an arbitrary orientation. We will prove thatμ(α and an end vertex v 2 . Additionally we assume that there exists a connector edge e i with vertex v i for i = 1, 2 such that {e 1 ,γ r , e 2 } is an edge path inΘ. Let e 1 be a connector edge on the same side ofα Q r as e 1 whose vertex onα Q r is after or equal to v 2 . Let e 2 be a connector edge on the same side ofα Q r as e 2 whose vertex onα Q r is before or equal to v 1 . Letα e i ,α e i be the lifts of cuffs that e i , e i connect toα Q r (see Figure 3) . Let x i , x i be one of the two endpoints ofα e i ,α e i such that the interval on ∂X between x 2 and x 1 contains the initial point x ofα Q r and the interval between x 1 and x 2 contains the end point y ofα Q r . We will denote these two intervals by I r = [x 2 , x 1 ] and J r = [x 1 , x 2 ]. By choosingγ r long enough we can arrange that I r ⊂ I r and J r ⊂ J r . Moreover, note that (see Figure 3 )
which implies
for any measured laminationσ that is the lift of a measured lamination on X and is weakly carried byΘ. By (5) and (7) we get
By (7) we haveμ n k (I r × J r ) =μ n k (G(γ r )) and letting k → ∞ in the above inequality we obtain − ≤ν(I r × J r ) −μ(α Q r ) ≤ 2 . By choosing a sequence I r,n ×J n,r to replace a single I r ×J r such that ∩ n (I r,n ×J n,r ) = α (4) and (9) implyμ(Q) =ν(Q). This is in a contradiction with (1) and the lemma is proved.
In order to facilitate the proof of the edge weight systems convergence starting from the weak* convergence of the measured laminations, we prove the following lemma. Lemma 6.4. Let e be an arbitrary edge inΘ. Then there exists a box of geodesics I × J such that
Proof. Let e ∈ E(Θ) be a connector edge. Denote byα e andβ e the lifts of cuffs that e connects. Let I and J be the arcs on ∂X that are the ideal boundaries of the disjoint half planes defined byα e andβ e . Then G(e) = G(Θ) ∩ (I × J) and since a geodesic in ∂(I × J) is asymptotic to eitherα e orβ e it follows thatμ(∂(I × J)) = 0.
Let e ∈ E(Θ) be a cuff edge on the lift of a cuffα whose vertices are v 1 and v 2 . We orientα such that v 1 comes before v 2 for the orientation ofα and the edge e is given the induced orientation. Denote by x ∈ ∂X the ideal initial point ofα and by y ∈ ∂X the ideal end point ofα. All connector edges ofΘ at the lift of cuffα are either right or left tangent atα. We divide our argument into two cases according to the type of the tangency atα. Case 1. We first consider the case when all connector edges ofΘ atα are right tangent. On the right side ofα for the fixed orientation ofα we chose e 1 to be the connector edge which meetsα at a vertex before v 2 that is closest to v 2 . An extreme case is when e 1 meetsα at v 1 but it is also possible that e 1 meetsα before v 1 . On the left side ofα we choose e 2 to be the connector edge which meetsα at a vertex after v 1 that is closest to v 1 . In the extreme case this vertex is v 2 but it can be also after v 2 . The part ofα between the vertices of e 1 and e 2 contains the cuff edge e and it equals to the union of at most finitely many cuffs edges. It is possible that it is equal to e itself as depicted in Figure 4 . In any case, we denote by e this finite path of cuff edges ofΘ between the vertices of e 1 and e 2 , and we denote by v 1 and v 2 the vertices of e 1 and e 2 onα. Note that G(e) is equal to the set of geodesics that contain the original edge in their bi-infinite edge path.
Let e 1 be the connector edge incoming toα on the same side as e 1 whose vertex oñ α is after v 1 that is closest to v 1 . It is possible that the vertex of e 1 is v 2 but it cannot be in the interior of e. In an analogous fashion, let e 2 be the connector edge incoming toα on the same side as e 2 whose vertex onα is before v 2 that is closest to v 2 . It is possible that the vertex of e 2 is v 1 but it cannot be in the interior of e (see Figure 4) . Letα e i be the lift of a cuff that e i connects toα for i = 1, 2. Letα e i be the lift of a cuff that e i connects toα for i = 1, 2. Let x i , x i be one of the two endpoints ofα e i ,α e i for i = 1, 2 such that the arc I 1 between x 2 and x 1 contains the other two endpoints of α e 2 andα e 1 , and that the arc J 1 between x 1 and x 2 contains the other two endpoints ofα e 1 andα e 2 (see Figure 4) . By our construction, G(e) is contained in I 1 ×J 1 and no geodesic weakly carried byΘ can be in [x 2 , x) × [x 1 , y] because the connector edges atα are right tangent. However, there could be geodesics in [x 2 , x) × (y, x 2 ] and also in (x, x 1 ] × [x 1 , y) that are weakly carried byΘ but are not in G(e). This happens becauseα e 1 andα e 1 , andα e 2 andα e 2 are connected by connector edges (see Figure 4) . To avoid this, we choose a connector edge e 1 that is on the same side ofα as e 1 whose vertex onα is after the vertex of e 1 . Similarly, we choose e 2 to be a connector edge on the same side ofα as e 2 whose vertex is before the vertex of e 2 onα. Denote by x 1 the endpoint ofα e 1 such that [x 1 , x 2 ] contains the other endpoint ofα e 1 . Denote by x 2 the endpoint ofα e 2 such that [x 2 , x 1 ] contains the other endpoint ofα e 2 (see Figure 4) . Then the set of geodesics in the box of geodesics I × J := [x 2 , x 1 ] × [x 1 , x 2 ] that are weakly carried byΘ is equal to G(e). We also note here that x 1 can be replaced by any point in (x 1 , y) and x 2 can be replaced by any point in (x 2 , x) so that the statement remains true. This last remark is important when dealing with the uniform weak* convergence in Section 9.
Case 2. We next consider the case when all connector edges ofΘ atα are left tangent. The lift of a cuffα is oriented as before from x to y. On the left side ofα for the fixed orientation ofα we chose e 1 to be the connector edge which meetsα at a vertex before v 2 that is closest to v 2 . An extreme case is when e 1 meetsα at v 1 but it is also possible that e 1 meetsα before v 1 . On the right side ofα we choose e 2 to be the connector edge which meetsα at a vertex after v 1 that is closest to v 1 . In the extreme case this vertex is v 2 but it can be also after v 2 . The part ofα between the vertices of e 1 and e 2 contains the cuff edge e and it equals to the union of at most finitely many cuffs edges. It is possible that it is equal to e while the situation when it is not equal to e is depicted in Figure 5 . In any case, we denote by e this finite path of cuff edges ofΘ between the vertices of e 1 and e 2 , and we denote by v 1 and v 2 the vertices of e 1 and e 2 onα.
Let e 2 be the connector edge on the same side ofα as e 2 that has its vertex before v 2 and is closest to v 2 . It is possible that the vertex of e 2 is v 1 but it cannot be in the interior of the edge e. Let e 2 be a connector edge whose vertex onα is after the vertex of e 2 . Let e 1 be the connector edge on the same side ofα as e 1 whose vertex onα is after v 1 and is closest to v 1 . Let e 1 be a connector edge whose vertex onα comes after the vertex e 1 (see Figure 5) . We make the choice of an endpoint x i of the lift of cuff theα e i for i = 1, 2 as in Figure 5 which is analogous to the previous case. If we define I = [x 1 , x 2 ] and J = [x 2 , x 1 ] then we obtain, as in the previous, that
Let M L(Θ, X) be the space of all measured laminations on X that are weakly carried by Θ. We prove the main theorem of this section. Proof. Let ξ : G(X) → R be a continuous function with compact support. Letμ n and µ be lifts toX of measured laminations on X such that fμ n (e) → fμ(e) as n → ∞ for each e ∈ E(Θ). We need to prove that (10)
as n → ∞. By using the partition of unity, we can assume that the support of ξ is contained in a box of geodesics.
Since the lifts of cuffs are coming from a geodesic pants decomposition of X it follows that the endpoints of the lifts of cuffs are dense in ∂X. By slightly increasing the size of the support box of ξ we can assume that the four vertices of the box are the endpoints of the lifts of cuffs and that the boundary of the box does not contain lifts of cuffs. By partitioning the box into small boxes whose vertices are also of the above type and approximating the function ξ with step function whose support are the boxes of the partition, Lemma 6.3 implies (10). We obtained thatμ n →μ in the weak* topology as n → ∞.
We assume now thatμ n →μ in the weak* topology as n → ∞. By Lemma 6.4 there is a box of geodesics I × J such that G(Θ) ∩ (I × J) = G(e) with ∂(I × J) not in the support ofμ. Then we haveμ n (I × J) →μ(I × J) as n → ∞ from the weak* convergence (see Bourbaki [12] ). Since G(Θ)∩(I ×J) = G(e), we obtainμ n (I × J) = fμ n (e) andμ(I × J) = fμ(e). Therefore
Hyperbolic surfaces with bounded pants decomposition
Throughout this section X is an infinite hyperbolic surface equipped with a fixed locally finite geodesic pants decomposition {P n } such that the lengths of cuffs are bounded between 1/M and M for some M ≥ 1. In addition we assume that X has no cusp-i.e., each P n has three cuffs. The case when X has cusps is considered in Section 8.
In each pair of pants P n we choose three geodesic arcs with both endpoints orthogonal to the cuffs of P n that divide P n into two right angled hexagons. There are finitely many choices of such arcs and we fix one choice in each P n . Let Θ 0 be the union of cuffs and orthogonal geodesic arcs over all P n in X. The liftΘ 0 of Θ 0 to the universal covering X is the union of the boundaries of right-angled hexagons and the hexagons tileX.
If the added geodesic arcs orthogonal to cuffs of P n are not pants seams then the two hexagons share the three arcs and consequently they are isometric because by the hexagon formula all sides have equal lengths(see Beardon [8, We need the following lemma in order to control the geometry of the complementary hexagons ofΘ 0 when one of the added orthogonal arcs in P n is a pants seam.
Lemma 7.1. Fix M > 1. Let P be a geodesic pair of pants with the cuffs α 1 , α 2 , α 3 such that
where l(α i ) is the hyperbolic length of α i . Let l 1 be the length of the shortest geodesic arc connecting α 1 to itself and separating α 2 and α 3 . Let l 2 , l 3 be the lengths of the shortest geodesic arcs connecting α 1 to α 2 , α 3 respectively. Then the arcs l 1 , l 2 , l 3 divide P into two right angled hexagons whose side lengths are between 1/M 1 and M 1 for some M 1 > 1 which depends only on M .
Proof. Denote by l 1 the shortest geodesic arc in P n that connects α 2 and α 3 . Then l 1 ∪ l 2 ∪ l 3 divides P n into two isometric right angled hexagons as above. There is a reflection of P n in l 1 ∪ l 2 ∪ l 3 that isometrically sends one hexagon onto the other. The arc l 1 is orthogonal at both of its endpoints to α 1 and the reflection of P n sends l 1 onto itself (by the uniqueness of the shortest arc l 1 in its homotopy class). It follows that the angle between l 1 and l 1 is π/2 and that l 1 bisects l 1 (see Figure 3) . Figure 6 . Bounded geometry hexagons from pants seams. l 1 is the dotted arc.
The endpoints of the arcs l 1 , l 2 , l 3 divide the cuff α 1 into four arcs α 1 , α 1 , α 1 and α 1 . The arc l 1 divides the two symmetric hexagons into four right angled pentagons (see Figure 3) . Consider the pentagon with sides α 1 , l 2 , l(α 2 ) are pinched between two positive constants, it follows that x is also pinched between two positive constants. The pentagon formula also gives tanh l(α 1 ) cosh l 2 tanh 1 2 l(α 2 ) = 1 which implies that l(α 1 ) is pinched between two positive constants.
All other sides of the pentagons are similarly pinched between two positive constants. Therefore P n is divided into two right angled hexagons whose side lengths are pinched between two positive constants and the lemma is proved.
For the definiteness let M 1 > 1 be such that the lengths of the sides of the two hexagons that P n is divided into are between 1/M 1 and M 1 for all choices of the dividing arcs in P n . Lemma 7.2. The liftΘ 0 of Θ 0 with the induced path metric coming from the hyperbolic metric onX is quasi-isometric toX under the inclusion map.
Proof. SinceX is tiled by the hexagons whose boundary sides have lengths pinched between two positive constants (by Lemma 7.1 and the remark above it) it follows that every point ofX is on a bounded distance fromΘ 0 .
Let ρ(x, y) be the hyperbolic distance between x, y ∈X. Given x, y ∈Θ 0 , let p(x, y) be the hyperbolic length of the shortest path onΘ 0 connecting x and y. We need to prove that (ρ(a)+ρ(b)). Therefore we can replace l i with the path a ∪ b onΘ 0 that has the same endpoints and whose length is less than twice the length of l i .
Assume that s and s are not adjacent boundary sides of Σ i . Recall that the side lengths of the hexagons are between 1/M 1 and
The arc l i can be replaced by an arc a on the boundary of Σ i that has the same endpoints. The arc a contains at least one whole boundary side of Σ i and at most four partial boundary sides of Σ i . Thus ρ(a)
Therefore the arc l i can be replaced by an arc a onΘ 0 whose length is less than 5M 2 1 of the length of l i . By concatenating the above paths, we obtain a path onΘ 0 which connects x and y and whose length is at most max{2, 5M 2 1 } times the length of l. Thus the inclusion of Θ 0 is a quasi-isometry.
We modify Θ 0 in order to make a train track Θ by smoothing at the endpoints of the orthogonal arcs. We choose to change the orthogonal arcs to be smooth at the cuffs such that the new arcs have lengths at most d > 0 larger than the orthogonal arcs and the change is done inside the same pair of pants in a d-neighborhood of the endpoint of each orthogonal arc. The new arcs are connector edges of Θ that meet the cuffs at the same points as the orthogonal arcs. The smoothing is done such that all connector edges at each cuff are either left or right tangent. Lemma 7.3. LetΘ be the lift of Θ to the universal coveringX of X. ThenΘ is quasi-isometric toX.
Proof. Each point ofX is on a bounded distance fromΘ because each point ofΘ 0 is on a bounded distance fromΘ and by Lemma 7.2.
There is a quasi-isometry betweenΘ 0 andΘ since the change is done such that the difference in lengths is at most d and the places where the change is done are separated by definite distances when d is chosen to be smaller than 1/2M 1 . Then Lemma 7.2 finishes the proof.
Using the above lemma we obtain Theorem 7.4. Let X be an infinite Riemann surface without cusps equipped with a geodesic pants decomposition {P n } n whose cuff lengths are pinched between two positive constants and let Θ be a train track defined using {P n } as above. Then a measured lamination weakly carried by the train track Θ is bounded if and only if the corresponding edge weight system has a finite supremum norm.
Proof. By the construction, the lengths of edges of Θ are bounded above by a positive constant. An edge path inΘ is geodesic for the path metric onΘ by Lemma 4.4. Then Lemma 7.3 implies that an edge path inΘ is a quasigeodesic because it is a geodesic for the path metric onΘ. Therefore there exists d > 0 such that each bi-infinite edge path inΘ is on a distance at most d from the corresponding geodesic ofX.
By our definition a measured lamination µ on X is a π 1 (X)-invariant geodesic current µ onX whose support is a geodesic laminations. Recall that a measured laminationμ is bounded if for every continuous ξ : G(X) → R with a compact support we have that μ ξ < ∞. For a closed hyperbolic ball D inX denote by G(D) the set of geodesics of X that intersect D. The support of ξ is covered by finitely many G(D k ) for k = 1, . . . , n, where D k is a closed ball of radius one. Since ξ ∞ < ∞ we easily conclude that a measured laminationμ is bounded if and only if μ T h := sup Dμ (G(D)) < ∞ where the supremum is over all closed hyperbolic balls D ⊂X of radius 1 (see Gardiner-Hu-Lakic [20] , [32] and [11] ). Letμ be a bounded measured lamination and denote by fμ : E(Θ) → R the corresponding edge weight system. If e ∈ E(Θ) then a hyperbolic ball D 1 of radius d with the center on e intersects all geodesics in G(e) (by an application of Lemma 7.3). Therefore fμ(e) ≤ C(d) μ T h where C(d) is the smallest number of closed hyperbolic balls of radius 1 that is needed to cover a hyperbolic ball of radius d. This bound is uniform in all e ∈ E(Θ) and we obtain fμ ∞ ≤ C(d) μ T h .
Assume now that fμ ∞ < ∞. If D is a closed hyperbolic ball of radius 1 denote by G(μ, D) the set of geodesics of the support ofμ that intersect D. Since each geodesic of G(μ, D) is on a distance at most d from the corresponding bi-infinite edge path iñ Θ, it follows that a ball D 1 of radius d + 1 concentric to D intersectsΘ in a finite set of edges {e 1 , e 2 , . . . , e k } such that
The number of edges k is uniformly bounded by some constant k independently of the choice of D by Lemma 7.3. Thus we obtainμ(D) ≤ k fμ ∞ for all D and thus μ T h ≤ k fμ ∞ .
The hyperbolic surfaces with cusps and bounded pants decompositions
We assume that a Riemann surface X has a bounded geodesic pants decomposition {P n } and possibly infinitely many cusps. We define a train track Θ on X starting from the bounded pants decomposition {P n }. In each pair of pants we introduce geodesic arcs orthogonal to its cuffs. In the case when a pair of pants has three cuffs we divide it into two right angled hexagons that have sides pinched between two positive constants as in the previous section. When a pair of pants has two cuffs and a cusp, then we draw two geodesic arcs that divide it into a right angled hexagon and a right angled bigon with a cusp (see Figure 7) . We need the following lemma Figure 7 . The pair of pants with one cusp. The reflection in the dotted geodesics and l 2 is a symmetry of P . The dotted ellipse represents a horocycle of length 1 around the puncture.
Lemma 8.1. Consider a pair of pants with two cuffs α 1 , α 2 and one cusp such that
Let l 2 be the length of the shortest geodesic arc connecting α 1 and α 2 , and let l 1 be the length of the shortest geodesic arc connecting α 1 to itself that separates α 2 from the cusp. The cuff α 1 is divided by the endpoints of l 1 and l 2 into arcs α 1 , α 1 and α 1 as in Figure 7 . Then there exists M 1 > 1 which depends only on M such that
Proof. The arc l 1 is orthogonal to α 1 at both of its endpoints by the minimality of l 1 . Likewise the arc l 2 is orthogonal to α 1 and α 2 at its endpoints. The dotted lines in the Figure 7 represent geodesics that are orthogonal to and connect α 1 and α 2 to the cusp. The dotted geodesics together with l 2 divide the pair of pants P into two pentagons with four right angles and one zero angle. There is a symmetry of the pair of pants which preserves the dotted geodesics and l 2 , and sends the upper pentagon to the lower pentagon (this follows because P is the limit or pairs of pants with one cuff converging to a cusp and this top to bottom symmetry holds for such pairs of pants). A consequence of this symmetry is that the dotted geodesic from α 2 to the cusp bisects l 1 and meets it at a right angle. Moreover the other dotted geodesic bisects α 1 again by the symmetry. Finally the symmetry also implies that the dotted geodesics and l 2 bisect α 1 and α 2 .
Denote by x the length of the arc of the dotted geodesic from α 2 to l 1 . The top pentagon in the Figure 7 gives the formula (see Beardon [8, 
which implies that l 2 is between two positive constants that depend only on M . From the right angled pentagon on the top left side of Figure 7 and by a formula in Beardon [8, 
where α 1 is the subarc of α 1 between the endpoints of l 2 and l 1 (see Figure 7) . The above two equations imply that x and l(α 1 ) are between two positive constants that depend only on M . In the same pentagon the fifth side is 1 2 l 1 and we similarly conclude that 1 2 l 1 is between two positive constants that depend only on M , and so is l 1 . A formula for Lambert quadrilateral (see Beardon [8, page 157]) applied to the top right quadrilateral in Figure 7 gives
where α 1 is the part of α 1 that is separated by l 1 from the cuff α 2 . The dotted geodesic bisects α 1 by the symmetry which gives that the quadrilateral has one side of length half the length of α 1 . The above formula implies that l(α 1 ) is between two positive constants that depend only on M . By symmetry l(α 1 ) = l(α 1 ) and it is also bounded between two positive constants. The lemma is proved.
The last case is when a geodesic pair of pants has one cuff and two cusps. Then there is a single geodesic arc which connects the cuff to itself that is orthogonal to the cuff at both of its endpoints and that divides the pair of pants into two right angled bigons with cusps. Lemma 8.2. Consider a geodesic pair of pants with one cuff α 1 and two cusps such that 1/M ≤ l(α 1 ) ≤ M for some M > 1. Let l 1 be the length of the shortest geodesic arc connecting α 1 to itself and separating the two cusps (see Figure 8 ). The arc l 1 divides α 1 into two subarcs α 1 Figure 8 . The pair of pants with two cusps. The reflection in l 1 is a symmetry as well as the reflection in the dotted geodesics. The dotted ellipses represent horocycles around the two cusps.
and α 1 . Then
and there exists M 1 > 1 depending only on M such that
Proof. The dotted geodesics connect the two cusps and each cusp is connected by one dotted geodesic to α 1 such that it is orthogonal to it (see Figure 8 ). The pair of pants has a symmetric reflection in the dotted geodesics. We consider the Lambert quadrilateral which is at the top left part of Figure 8 . By the symmetry the finite length sides of the quadrilateral have lengths The pair of pants P has also reflection symmetry in l 1 which implies that l(α 1 ) = l(α 1 ) = 1 2 l(α 1 ). The above two equalities imply 1/M 1 ≤ l 1 ≤ M 1 for some M 1 depending only on M .
We will need the following two technical lemmas. Lemma 8.3. Let Q be a Lambert quadrilateral with finite sides a and b whose lengths are between 1/M and M , for some M > 1. Let Q be the subset of Q obtained by removing a neighborhood of the vertex at infinity that has horocyclic boundary of length 1/2. Then the distance between any point of Q from a ∪ b is at most M 3 (M ) > 0.
Proof. We place Q in the upper half-plane H such that the point at infinity is at ∞ ∈R = ∂ ∞ H and the two infinite sides of Q are geodesics g 0 := (0, ∞),
The horocyclic boundary of Q is the Euclidean horizontal arc connecting the two geodesics at the Euclidean height 2. The side a of Q is orthogonal to g 0 at a point A ∈ g 0 below 2i; denote by B ∈ H the other endpoint of the side a. The side b has one endpoint B and it is orthogonal to g 1 at the other endpoint C below 1 + 2i. Since the lengths of a and b are bounded from the above by M > 0, it follows that there is a lower bound M 1 (M ) > 0 on the heights of A, B and C. If this is not the case, then either a or b would have unbounded length. The heights of A, B and C are bounded from the above by 2 since they lie outside the horocyclic neighborhood of ∞. These bounds imply that all sides of Q are bounded from the above by some M 2 (M ) > 0 and that every point of Q is on a distance at most M 3 (M ) > 0 from a ∪ b.
Lemma 8.4. Let C be a horocycle of length 1. The hyperbolic and the horocyclic distances between any two points on C are bi-Lipschitz functions of each other.
Proof. We can assume that C is a Euclidean horizontal arc with endpoints i and 1 + i in the upper half-plane H. Without loss of generality we assume that one point is i and the other point is i + s for some 0 < s ≤ 1. The horocyclic distance is s. The hyperbolic distance is
which is a bi-Lipschitz function of s for s ∈ (0, 1].
The train track Θ is defined using the set Θ 0 consisting of all the cuffs and a maximal choice of shortest arcs connecting cuffs in each pair of pants. To obtain Θ we smooth Θ 0 at the points where the arcs meet the cuffs. We note that the cuffs and the orthogonal arcs to the cuffs do not meet horocyclic neighborhoods of cusps whose boundary has length 1. Indeed, it is well known that any geodesic on a hyperbolic surface that enters the horoball neighborhood of a cusp with boundary length 1 is not simple. Therefore the cuffs do not enter this neighborhood. To see that orthogonal arcs do not enter this neighborhood, it is enough to form a double of a single pair of pants and note that the orthogonal arcs together with their doubles form simple closed geodesics. Thus they do not enter the horocyclic neighborhoods with boundaries of length 1 of the cusps.
Let X denote X minus open horocyclic neighborhood around each cups whose boundary has length 1. Then Θ is a train track in X . LetX be the lift of X to the universal coveringX of X. EquivalentlyX is obtained fromX by removing open horoballs at the lift of each puncture on ∂ ∞X . LetΘ be the lift of Θ inX .
We first prove thatΘ is quasi-isometric toX for the restriction of the hyperbolic metric.
Lemma 8.5. Let X be obtained from X by removing horocycic neighborhoods of each cusp that have boundary of length 1. LetX be the lift of X toX whose metric is a path metric of the restriction of the hyperbolic metric. LetΘ be the lift of Θ whose metric is a path metric of the restriction of the hyperbolic metric. ThenΘ is quasi-isometric toX .
Proof. SinceΘ is quasi-isometric toΘ 0 , it is enough to prove the theorem forΘ 0 . The finite boundary ofX consists of horocycles that are based at the lifts of the punctures of X. The complementary regions of Θ 0 in X consist of right-angled hexagons and rightangled bigons with a horocyclic neighborhood of boundary length 1 excised. Therefore the complementary regions to the liftΘ 0 of Θ 0 inX consists of right angled hexagons and simply connected regions inX whose one boundary is a horocycle and the other boundary is a union of infinitely many geodesic arcs orthogonal to each other at their endpoints. The second complementary region has one ideal endpoint on ∂ ∞X which is the point at which the horocycle is based, i.e.-the two boundary sides are asymptotic to a single point at infinity in both directions (see Figure 9) . By Lemmas 8.1 and 8.2 every edge of Θ 0 has length between two positive constants which implies that every point of X is a bounded distance away from a point on Θ 0 by Lemma 8.3. It follows that every point ofX is on a bounded distance fromΘ 0 . This distance is realized by a geodesic arc.
Let p(x, y) be the path distance alongΘ 0 between two points x, y ∈Θ 0 and let ρ(x, y) be the path distance between x, y ∈X . It remains to prove that Let l be the shortest path inX between x, y ∈Θ 0 . Then l is a finite union of geodesic arcs and pieces of the horocycles that are on the boundary ofX . We partition l into union ∪ p i=1 l i of subpaths such that l i ∩ l i+1 is a common endpoint and each l i is the intersection of l with the closure of a single component ofX −θ 0 . Let x i , x i+1 ∈Θ 0 be the endpoints of l i , in particular x 1 = x and x p+1 = y. If l i is inside the right-angled complementary hexagon then, as in the proof of Lemma 7.2, l i can be replaced by a biLipschitz path onΘ 0 with the same endpoints.
Assume that l i is in the complementary region ofX −Θ 0 that is a single component of the lift of the punctured bigon minus a horocyclic neighborhood of the cusp. The component is divided into pentagons with four geodesic sides and one horocyclic side by the lifts of the pentagons from either Figure 7 or 8.
We assume that l i intersects n ≥ 3 such pentagons, denoted by P 1 , P 2 , . . . , P n in that order. With the possible exception of P 1 and P n , the path l i connects the two geodesic sides (dotted lines in Figure 9 ) that are orthogonal to the horocycle (dotted circle tangent to the boundary in Figure 9 ). The part of l i that connects these two geodesic boundary sides is either a geodesic arc or a part of the horocycle or a combination of both. However, there is a lower bound c 0 on the length of each such part of l i by Lemmas 8.1, 8.2 and 8.4 . Thus the length of l i is at least c 0 (n − 2). On the other hand, the points x i and x i+1 are connected by at most 2n sides of the pentagons that are iñ Θ 0 (solid sides in Figure 9 ). By Lemmas 8.1 and 8.2, there is c > 0 an upper bound on the lengths of these sides and we have 2cn ≥ p(x i , x i+1 ). Therefore
l i Figure 9 . The lift of a punctured bigon minus a horocyclic neighborhood of the cusp. The pentagon decomposition is given. The solid sides belong toΘ 0 . The arc l i is composed of geodesic arcs and a horocyclic arc.
where |l i | is the length of l i and c 1 = c 0 6c
. Next we assume that l i intersects n ≤ 2 pentagons. Then either x i and x i+1 belong to adjacent geodesic segments inΘ 0 which are orthogonal to each other (solid geodesic segments in Figure 9 ) or l i joins two geodesic segments ofΘ 0 that are separated by another geodesic segment ofΘ 0 . In the former case, the length of l i is at least the length of the geodesic segment connecting x i to x i+1 . Then l i is the hypothenuse of the right angled hyperbolic triangle with two other sides onΘ 0 . As in the proof of Lemma 7.2, we have |l i | ≥ 1 2 p(x i , x i+1 ). In the later case, the length of l i is at least the length of the geodesic segment ofΘ 0 separating the two other geodesic segments that contain its endpoints x i and x i+1 . Then
. Thus we can replace each l i by a path onΘ 0 connecting endpoints of l i such that the length of l i is greater than a constant times the length of the path. The constant only depends on the bound M for the pants decompostion. ThusΘ 0 is quasi-isometric tõ X and so isΘ.
Our main result in this section is Theorem 8.6. Let X be a conformally hyperbolic Riemann surface with a bounded geodesic pants decomposition {P n } and possibly infinitely many cusps. Then the liftμ toX of a measured lamination µ on X that is weakly carried byΘ is bounded if and only if its edge-weight system fμ : E(Θ) → R has a finite supremum norm.
Proof. Assume that fμ ∞ < ∞. Every geodesic of the support ofμ is inside ofX by the choice of the horocyclic neighborhoods of the cusps of X. Then Lemma 8.5 implies that each geodesic of the support ofμ is on a distance at most d > 0 from the corresponding bi-infinite edge path inΘ. Then the proof is finished as in Theorem 7.4.
The other direction is identical to the proof of Theorem 7.4.
9. The uniform weak* topology and edge-weight systems
We keep the assumption that X is an infinite hyperbolic surfaces with bounded pants decomposition {P n } and at most countably many cusps. In the previous two sections we characterized bounded measured laminations on X in terms of the edge weight systems on Θ. In this section we describe the convergence in the uniform weak* topology on the measured laminations carried by Θ in terms of their corresponding edge weight systems. The proofs are based on the extensions of the ideas in the proofs of the weak* convergence. However the uniform weak* convergence imposes additional difficulties.
We first prove that the uniform weak* convergence of measures implies the convergence of the edge weight systems in the supremum norm. The proof requires that we consider a sequence of measured laminations and edge weight systems on variable train tracks of bounded geometries. We prove a lemma which helps us to prove the convergence of edge weights on connector edges by realizing the geodesics carried by variable connector edges as subsets of the interior of a fixed box of geodesics.
Lemma 9.1. Consider a bounded geometry hyperbolic surface X and a train track Θ on X that is defined using a bounded geodesic pants decomposition. LetΘ be the lift of Θ toX,μ a measured lamination weakly carried byΘ and e ∈ E(Θ) a connector edge. Denote byα andβ the lift of cuffs that e connects. Letγ andδ be the lifts of cuffs each connected to bothα andβ by two connector edges such thatα,γ,β andδ are in the counterclockwise direction. Let a 1 , a 2 , c 1 , c 2 , b 1 , b 2 , d 1 , d 2 be the endpoints on ∂X of α,γ,β andδ given in the counterclockwise order. Figure 10) . We are ready to prove the convergence of the edge weight systems in the supremum norm. Figure 10 . The set G(e n k ) as a box of geodesics when e n k are connector edges. Proposition 9.2. Letμ n ,μ be lifts toX of measured laminations of X that are weakly carried by Θ. Ifμ n →μ in the uniform weak* topology then
Proof. Assume on the contrary that fμ n − fμ ∞ 0. Then there exists a subsequencẽ µ n k ofμ n and a sequence of edges e n k ∈ E(Θ) such that |fμ n k (e n k ) − fμ(e n k )| ≥ c > 0 for some fixed c > 0 and all k. By taking a subsequence of e n k , if necessary, we can assume that all e n k are either connector edges or cuff edges.
We separate the rest of the proof into two cases based on the type of the edges e n k .
Case 1. Assume first that all e n k are connector edges and let e n k be the geodesic arc orthogonal to cuffs whose smoothing defines e n k . Letα n k be a lift of a cuff that contains one vertex of e n k . Letα be a fixed geodesic inX with endpoints a 1 and a 2 , z 0 ∈α a fixed point and r 0 a geodesic ray orthogonal toα with initial point z 0 . Let ϕ n k be an isometry ofX such that ϕ n k (e n k ) ⊂ r 0 and ϕ n k (α n k ) =α. Letβ n k be the lift of a cuff that contains the other endpoint of e n k , and letγ n k ,δ n k be lifts of cuffs that are connected to bothα n k andβ n k by two connector edges (see Figure 10) .
Sinceμ n k →μ in the uniform weak* topology, it follows thatμ n k andμ have uniformly bounded masses over all boxes of geodesics of a fixed size. It follows that there exist subsequences ofν n k andν n k (index by the same subsequence of n k ) that converge in the weak* sense to measured laminationsν andν (see Bourbaki [12] ). We denote these subsequences byν n k andν n k in order to simplify the notation.
Let ξ : G(X) → R be a continuous function with a compact support. By the uniform weak* convergence ofμ n k toμ we have that
The above limit together with the weak* convergence ofν n k toν implies thatν =ν .
The geodesic arc ϕ n k (e n k ) starts at z 0 and belongs to r 0 . By taking a subsequence, if necessary, we can assume that ϕ n k (e n k ) converges to an arc e ∞ ⊂ r 0 becauseΘ 0 has bounded geometry and ϕ n k is an isometry. Then ϕ n k (β n k ) converges to a geodesic β ∞ that is orthogonal to e ∞ at its other endpoint. By taking further subsequences, if necessary, we can assume that ϕ n k (γ n k ) and ϕ n k (δ n k ) converge to geodesicsγ ∞ andδ ∞ . Let a ∈ ∂X be a point in betweenα andγ ∞ , c ∈ ∂X a point in betweenγ ∞ andβ ∞ , b ∈ ∂X a point in betweenβ ∞ andδ ∞ , and d ∈ ∂X a point in betweenδ ∞ andα (see Figure 10 ). When k is large enough, the relative positions of points in {a, b, c, d} with respect to the geodesics ϕ n k (α n k ) =α, ϕ n k (β n k ), ϕ n k (γ n k ) and ϕ n k (δ n k ) are the same as with respect to the geodesicsα,β ∞ ,γ ∞ andδ ∞ .
Lemma 9.1 implies that n k ) ) and an analogous reasoning gives alsoν
Again by Lemma 9.1 we conclude that
and the weak* convergence ofν n k ,ν n k toν implies that
This contradicts the assumption from the beginning of the proof. Thus e n k are not connector edges.
Case 2. It remains to consider the case when e n k are cuff edges, whereα n k are lifts of cuffs containing them. After taking subsequence, if necessary, we can assume that for each k each edge meetingα n k is always right or always left tangent as in the two cases in the proof of Lemma 6.4 (see Figure 4 and Figure 5 ). Letα be a fixed oriented geodesic ofX with the initial point x and the end point y and let v 1 ∈α be a fixed point. Let ϕ n k be an isometry ofX that mapsα n k (which contains e n k ) toα such that v 1 is one vertex of ϕ n k (e n k ) and the other endpoint v 2,n k ∈α of ϕ n k (e n k ) is between v 1 and y. Denote by e i,n k , e i,n k and e i,n k for i = 1, 2 the connector edges of ϕ n k (Θ) that are in the positions as in Lemma 6.4 (see Figure 4 and Figure 5 ). After taking another subsequence, we can assume that v 2,n k → v 2 , e i,n k → e i , e i,n k → e i and e i,n k → e i as k → ∞. Assume we are in the position as in Figure 4 and keep the notation for the endpoints of cuffs as is. Let a ∈ ∂X be a point between x and x 2 . Let b ∈ ∂X be a point in ]x 1 , x 1 [. Let c ∈ ∂X be a point in ]x 1 , y[. Let d ∈ ∂X be a point in ]x 2 , x 2 [. For k large enough the points {a, b, c, d} will be in the same position with respect to the corresponding points and lifts of cuffs in ϕ n k (Θ).
Then by the same argument as in Lemma 6.4, we have thatν
we have fμ n k (e n k ) − fμ(e n k ) → 0 which contradicts our assumption. In the case of Figure 5 we obtain the contradiction in an analogous fashion. The Proposition is established.
We prove that the convergence of the edge weight systems in the supremum norm implies the convergence of measured laminations in the uniform weak* topology. Proposition 9.3. Letμ n ,μ be lifts toX of measured laminations of X that are weakly carried by Θ. If fμ n − fμ ∞ → 0 thenμ n →μ in the uniform weak* topology as n → ∞.
Proof. Assume on the contrary thatμ n does not converge toμ in the uniform weak* topology. Then there exist a continuous function ξ : G(X) → R with a compact support, a sequence ϕ n k of isometries ofX and c > 0 such that
Since both sequencesν n k andν n k are bounded on compact subsets of G(X), there is a choice of their subsequences that converge to measured laminationsν andν in the weak* topology (see Bourbaki [12] ). We keep the same indexing of subsequences for simplicity. Note that bothν n k andν n k are weakly carried by the train trackΘ n k := ϕ n k (Θ). Denote by fν n k and fν n k the corresponding edge weigth systems on the edges ofΘ n k .
ThenΘ n k 0 := ϕ n k (Θ 0 ) consists of the image under ϕ n k of the lifts of cuffs and orthogonal geodesic segments between them. Our first goal is to show that a choice of a subsequence ofΘ n k 0 will converge toΘ ∞ 0 which dividesX into hexagons with three non-adjacent sides lying on three complete geodesics accumulated by (the images under ϕ n k of) the lifts of cuffs and the other three sides are accumulated by the normal geodesic arcs to the lifts of cuffs, and into simply connected neighborhoods of horoballs whose boundary consists of a geodesic polygonal arc with infinitely many geodesic arcs orthogonal to each other and accumulating to the center of the horoball at both of its endpoints (see Figure 9 ).
The only way that a subsequence ofΘ
maps a fixed point z 0 ∈X "deep inside" the horoballs ofX obtained by lifting of the horocyclic neighborhoods of the punctures of X-i.e., ϕ −1 n k (z 0 ) is inside a horoball and the distance from ϕ −1 n k (z 0 ) to the boundary of the horoball goes to infinity at k → ∞. Let K be a compact subset ofX such that each geodesic of the support of the function ξ intersects K. Fix z 0 to be a point in K. Then the inequality (11) implies that the support of eitherμ orμ n k intersects ϕ −1 n k (K) which implies that ϕ −1 n k (z 0 ) cannot be deep inside a horoball (because the supports are weakly carried byΘ).
Thus eachΘ n k 0 contains a lift of a cuffγ n k within a fixed distance M from z 0 (independently of n k ). By choosing a subsequence we can assume thatγ n k converges to a complete geodesicγ ∞ which will carry the edges ofΘ ∞ 0 . Further, there is an orthogonal geodesic arc within the distance M from z 0 in eachΘ n k and after taking a subsequence we can assume that they also converge to an arc orthogonal toγ ∞ . This process is continued by taking all lifts of cuffs and orthogonal arcs within distance 2M of z 0 and ensuring that they converge after taking subsequences. Continuing in this fashion, we obtainΘ Then each edge e ofΘ ∞ 0 is the limit of a sequence e n k of edges inΘ n k 0 . Note that the complements ofΘ ∞ 0 are also right angled hexagons and neighborhoods of horoballs and thatX is covered by these complements. Moreover, each hexagon is accumulated by a fixed choice of a sequence of hexagons and we have a bijective marking map
such that g n k (e) = e n k and e n k → e as k → ∞.
The train trackΘ n k := ϕ n k (Θ) is obtained fromΘ n k 0 by smoothing out at the vertices such that all edges meeting each lift of a cuff are all either right or left tangent to the lift of a cuff. However, it can happen that the tangency at the corresponding lifts of a cuff is changing from left to right or the other way around for different n k . In order to define in a consistent manner the right or left tangency at the limiting lifts of cuffs iñ Θ ∞ this needs to stabilize for k large. Thus we choose a further subsequence so that for all n k , all the edges at the lift of a cuff g n k (γ) are either right or left tangent, whereγ is any infinite geodesic inΘ 
such that e n k → e as k → ∞ for any e ∈ E(Θ ∞ ) and e n k = g n k (e).
Claim 1. The supports ofν andν are weakly carried byΘ ∞ .
Proof of Claim 1. Indeed, the set of geodesics that are weakly carried byΘ ∞ is closed. Let g = (a, b) be a geodesic which is not weakly carried byΘ ∞ .
Then there exist open, disjoint intervals I a and I b of ∂ ∞X that contain a and b such that no geodesic of I a × I b is weakly carried byΘ ∞ . Let J a ⊂ I a and J b ⊂ I b be two compact subintervals of I a and I b that contain a and b in their interiors, respectively.
To establish the claim it is enough to show that no geodesic of J a × J b is weakly carried byΘ n k for all k large enough. Assume on the contrary that there exists an infinite subsequence ofΘ n k that weakly carries geodesics in J a × J b , the subsequence denoted byΘ n k for simplicity. Letγ n k be a bi-infinite edge path inΘ n k that represents a geodesic in J a × J b . The proof of the claim is divided into two cases below.
Assume first thatγ n k is a lift of a cuff for infinitely many k. Then there is a subsequence, denote byγ n k again, that converges to a geodesicγ ofX. Letγ n k = g −1 n k (γ n k ) be the infinite geodesics ofΘ ∞ that corresponds toγ n k . We claim that the sequencẽ γ n k consists of only finitely many different infinite geodesics inΘ ∞ . If not, then a subsequence ofγ n k leaves every compact subset ofX. Let K be a fixed closed disk of radius 2M that intersectsγ in its interior. Then K intersects allγ n k in its interior after some k. Letγ 0 be an infinite geodesic inΘ ∞ that intersect K in its interior. Then the number of infinite geodesics ofΘ ∞ that separateγ n k andγ 0 goes to infinity as k → ∞ becauseγ n k leave every compact subset ofX. Since g n k (γ 0 ) →γ 0 as k → ∞ it follows that g n k (γ 0 ) intersects the interior of K when k is large enough. Since g n k (γ n k ) =γ n k intersects the interior of K by our assumption, it follows that the image under g n k of all infinite geodesics ofΘ ∞ that separateγ n k andγ 0 intersect the interior of K. Since this number is going to infinity as k → ∞ this contradicts the fact eachΘ n k has a positive minimum distance between any two infinite geodesics (by the bounded geometry). Thus the sequenceγ n k takes only finitely many infinite geodesics ofΘ ∞ . After taking a subsequence, we can assume that g −1 n k (γ n k ) =γ ∞ is the same infinite geodesic ofΘ ∞ and thatγ n k →γ ∞ . Thusγ ∞ is in I a × I b which is a contradiction. Thus J a × J b does not contain a lift of a cuffγ n k inΘ n k for k large enough. Assume now thatγ n k is a bi-infinite edge path not equal to a single lift of a cuff inΘ n k that weakly carries a geodesic in J a × J b . Thenγ n k contains both connector edges and cuff edges. If a tail ofγ n k is on a single lift of a cuff, then we replaceγ n k by a bi-infinite edge path whose corresponding geodesic is in J a × J b such that its tail does not lie on a single lift of a cuff. This is achieved by following the lift of the cuff that contains the tail for a long time and then branching out by a connector edge that connects to another lift of a cuff whose both endpoints are either in J a or J b . From this point on we choose the infinite sequence of edges such that the corresponding endpoint is accumulated by nested sequence of lifts of cuffs. We denote the modified bi-infinite edge path byγ n k for simplicity. Recall that the lengths of edges ofΘ n k 0 are between 1/M and M , and that the distance betweenγ n k and its corresponding geodesic is at most d > 0. It follows that there exists a closed hyperbolic disk K inX such that any bi-infinite edge path inΘ n k whose endpoints are in J a and J b intersects K and at least one cuff edge e n k ofγ n k intersects K for all k. Letα n k be the lift of a cuff that contains e n k . Then an analogous reasoning to the above implies that, after possibly taking a subsequence, g −1 n k (α n k ) =α ∈Θ ∞ andα n k →α. We repeat taking subsequences ofγ n k such that for each lift of a cuffα i n k that contains a cuff edge e i n k which is i edges away from e n k we have g ∞ for all k. By our assumption, the edge pathγ has at least one endpoint outside J a ∪ J b . That endpoint ofγ is the accumulation of nested infinite geodesics ofΘ and thus there exists one such infinite geodesicα i whose both endpoints are outside of J a ∪ J b . Sinceα i n k →α i as k → ∞ it follows that the corresponding endpoint ofγ n k is also outside J a ∪ J b which is a contradiction. Therefore we conclude that no geodesic of J a × J b is weakly carried byΘ n k for k large enough. Thus the supports ofν andν are weakly carried byΘ ∞ . End of proof of Claim 1.
We continue with the proof of the proposition. Let e ∈ E(Θ ∞ ) be an arbitrary edge. We prove that fν(e) = fν (e) which impliesν =ν . Assume first that e is a connector edge that connects two lifts of cuffsα e andβ e . Let g n k (e) = e n k ,α en k = g n k (α e ) andβ en k = g n k (β e ) be the corresponding objects inΘ n k . We claim that fν(e) = lim k→∞ fν n k (e n k ) and fν (e) = lim k→∞ fν n k (e n k ) = fν (e). Sinceν n k (Iα e × Iβ e ) = fν n k (e n k ) andν n k (Iα e × Iβ e ) = fν n k (e n k ), and since fμ n k − fμ ∞ → 0 we have that fν(e) = fν (e).
Assume next that e ∈ E(Θ ∞ ) is a cuff edge. Letα e be the infinite geodesic inΘ ∞ that contains e. Then there exist intervals I e and J e such that every geodesic of I e × J e that is weakly carried byΘ ∞ is in G(e). Sinceα en k →α e we can further arrange that I e × J e contains G(e n k ) and no other geodesics weakly carried byΘ n k . By an analogous argument to the above we obtain fν(e) = fν (e).
Thus we obtainedν =ν . From (11) we have
for all k which contradictsν =ν . Thusμ n converges toμ in the uniform weak* topology as n → ∞.
From the above two propositions we obtain Theorem 9.4. A sequenceμ n of bounded measured laminations weakly carried byΘ converges to a bounded measured laminationμ weakly carried byΘ in the uniform weak* topology if and only if the corresponding edge weight systems fμ n : E(Θ) → R ≥0 ofμ n converge to the edge weight system fμ : E(Θ) → R ≥0 ofμ in the supremum norm.
